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[.5i m& dau

Gido trinh “Ham bién phitc va Phép bién ddi Laplace” ndy dugc bién soan
nhim phuc vu cho nhu ciu vé tai liéu hoc tip cda sinh vién Trudng Pai hoc Su
pham K§ thuit thanh phd H6 Chi Minh. N§i dung gido trinh nay gém 7 chuong:

Chuong 1 : S6 phitc va mdt phdng phiic.
Chuong 2 : Ham bién phiic.

Chuong 3: Pao ham ciia ham bién phiic.
Chuong 4: Tich phan ciia ham bién phiic.
Chuong 5: Chudi ham bién phiic.

Chuong 6: Thdng dw va ving dung.

Chuong 7: Phép bién doi Laplace va ving dung.

Vi ndi dung nhu trén ma thdi lugng danh cho mén hoc nay chi ¢é 30 tiét 1a
qua eo hep. Do dé, tdc gid c6 ging duwa vao gido trinh ndy khodng 40%-50% bai
tap dang tric nghiém dé gido vién chi cAn it thdi gian ma van c6 thé gitp cdc ban
sinh vién nim vitng dugc ndi dung phong phi clia mdn hoc. Phin bai tap tric
nghiém dudc tich ri€éng dé€ thuin tién cho viéc st dung.

Truéc mdi chuong tdc gid néu ra nhitng ndi dung, nhitng ki€n thic cd ban
ma sinh vién cAn phdi dat dugc. Duya vao d6 ma cdc ban sinh vién bi€t dugc minh
s& phdi hoc nhitng gi, can phai hi€u ro nhitng khdi niém nao, nhitng ndi dung nio
can ph3i nim vitng va nhitng bai todn dang nao phai lam dugc. Trong mdi chuong,
tdc gid dua vao khd nhiéu vi du phit hgp d€ minh hoa va 1am sing té cdc khdi niém
vira dugc trinh bay .

Sau mdi chuong c6 phin bai tip dudc chon loc phl hop d€ sinh vién tu
luyén tip nhim dat dugc su hi€u bi€t sdu rong hon cic khdi niém di doc qua va
thdy dugc cdc tng dung rong rii clia cdc ki€n thic ndy vao thuc t€.

Tuy cé rdt nhiéu cé gdng trong cong tdc bién soan, nhung chdc chdn gido
trinh nay van con rdt nhiéu thiéu sét. Chiing téi xin trén trong tiép thu y kién dong
gop ciia ban doc va cdc dong nghiép dé gido trinh nay ngay cang hoan thién hon.
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Chuong 1
SO PHUC VA MAT PHANG PHUC

Trong chuong nay , ban sé hoc:
¢ Khdiniém vé tip sd phifc, tip sd phifc 12 md rong clia tip so thuc.
¢ Ciéc dang s6 phitc: Hinh hoc, dai s6, ludng gidc, mii.

¢ Ciac phép todn sO phttc: Cong , tri, nhian , chia, liy thua , khai cdn, va quan hé
bing nhau.

¢ Miit phing phitc , mot s6 khdi niém trong mit phang phic.

§1. SO PHUC

Ban doc di quen thudc tip s6 thuc R cling v6i cdc phép todn cong, trir, nhan,
chia,... va nhitng tinh clia ching nhu giao hodn, két hgp, phin phéi..... V& mit
hinh hoc, tap cédc so thuc dugc bi€u dién bdi cic di€m trén dudng thing, goi 1a truc
sd thuc ( truc 0x) nhu hinh vé sau

C—avE % or 1. o
— 4 [—g:, — %—l%'l—z: I
-4 -8 -2 -1 ° 1 2 3 4

Vi mdi aeR, a dude bi€u dién tuong Gng véi mot di€m trén truc Ox cdch gdc 0

, nam v€ phia bén phai ciia goc 0 n€u a > 0, nim vé phia bén trdi cda

mdt doan |a

gdc 0 néu a< 0. Mdi s6 thuc tuong Gng véi mot di€m trén truc 0x va ngudc lai.

LAy truc so thuc Ox dit vao mit phiang v6i hé truc toa Pé-cdc Oxy sao cho truc
thue Ox trung véi truc Ox ciia mat phflng OXYy (cdch 1am nay goi la phép nhiing).
A
y

b (a,b)
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Bay gid, xét mit phing vdi hé truc toa do Oxy thi mdi s6 thyc a tuong ng véi
mot diém c6 toa d6 (a,0) nim trén truc Ox. Sau diy, ching ta sé md rong tip cic s6
thuc ( truc Ox) sang tip cdc s6 phifc ( mit phing Oxy).

1. Pinh nghia sé phifc ( complex numbers)

Trén tip hop C := {z= (a,b) | acR, beR}= R* ma quan hé bing nhau, phép

cong, phép nhan, phép dong nhi't nhitng cip s dic biét véi s6 thuc duge dinh nghia
nhu sau: V(a,b), (c,d)e C.

a=¢C

i) Quan hé biang nhau: (a,b) = (¢,d) & {b iy

i1) Phép cOng: (a,b) + (c,d) = (a+c, b+d)
1i1) Phép nhén : (a,b).(c,d) = (ac-bd, ad+bc)

iv) Phép d6ng nhit:(a,0)=a (' mdi s6 nim trén truc thyc Ox xem nhu mot s8 thuc)
Tap C v6i ciac phép todn dinh nghia nhu trén tao thanh mot trudng s6 goi la
trudng sd phitc. Trong trudng so phitc C, ta co:

¢ Phin tr ddi clia z = (a, b) , ky hiéu —z, 1a —z = (-a,-b).

¢ Phin tif zéro 12 (0,0)=0. ( c6 thé sit dung ddu “=" thay cho dau “=")

¢ Phin ti nghich ddo ctia z=(a,b) 0, ky hiuz "', la ' = ( - 2_b . j
a“+b” a”+b

¢ Phan tif don vi thuc 1a (1,0) = 1.

¢ Phin tif don vi 4o, ky higu i, 1a i =(0,1) ; ta duge i’ =(0,1)(0,1) = (-1,0) =-1.

(1.1)

i=0]) va it=-1

M3i s6 phiic z = (a,b) c6 thé xem nhu mot di€m hay mot véctd ¢ toa do 1a (a,b)
trong mit phing Oxy. Céc tinh chit clia cdc phép todn s§ phitc hoan todn tuong tu
céc tinh chat clia cidc phép todn so thuc.

2. Dang dai so cua so6 phic

Moi s6 phitc 7 = (a, b) déu cé thé viét duoc dudi dang z = a+ib, va goi la dang
dai s& ciia sé phitc.

That vy, z = (a,b) = (a,0) + (0,b) = (a,0) + (0,1)(b,0) = a+ ib.
¢ agoila phan thyc clia sd phiic z, ky hiéu Rez.

¢ b goila phin 4o clia s phifc z, ky hiéu Imz.
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Viy z= (a,b)=a+ib=Rez+iImz (1.2)

3. Cac phép toan so phic viét dang dai s6

VG6imoi z;=a+ib, z,=c+id e C

1) Phép cOng: z,+ z, = (a+¢) +i(b + d)
1) Phép tru: z;- zo = (a- ¢) +i(b - d)
iii) Phép nhan: z,. z, = (ac —bd ) + i(ad +bc)

. z i ib)(c—i -
iv) Phép chia: 2= 370 _@FO)XC=Id) _ ;o1 i 4,20,
z, c+id c”+d

. a=c
v) Quan hé bang nhau:z, =2, < {b _q
* Nhan xét:
¢ Khi cong (trlr) hai sd phitc dang dai s8, ta cong ( trlr) phan thuc véi phan thuc va
phan 40 vdi phin 4o.
¢ Khi nhan hai s& phiic dang dai s6, ta 4p dung tinh phan phdi binh thudng nhu s6
thuc va nhé thay i*= -1.

¢ Khi chia hai s6 phitc dang dai s6, ta nhin cd t& va mau vé6i lugng lién hiép cia

mau so.

s ~ A < N A~ . 1+2i .
Vidu 1.1 Tim phan thuc va phan ao s phtc: z = T + 4+ 6i

-3i
Ta co
- - -2 -
z:(HZI)(H&)+4+6i:M+4+6i:(—4+4)+i(l+6j:£+i§
2% -3%7 13 13 13 1313
VéyRez:ﬁ,Imz:g—s. .
13 13

4. S6 phitc lién hop

S6 phtc lién hop clia s6 phitc z=a + ib , ky hiéu z, va dinh nghia nhu sau
z:= a-ib (1.3)

*k Mot so tinh chat: Vi moi z;, z,,ze€ C

y — = ~
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Y

zZ .
111) (—lj =—,VG612,#0.
Zy 2

iv) a=a ,VaeR

V) =1

Vidu 1.2 Cho da thiic bic n hé s8 thuc f(z) = a,z" +a,,z" ' +....+a,z + a,

Tacla a,eR, k=0,1,2,...,n vaa,#0. Gia st f(z,) = a+ib, hay tinh f(Z).
Giai

Tacéd a, ZQ +a, ZS_1+...+alz0 + a, =f(z,) =a+ib

- —\n —\n-1 -
f(z,) = an(zo) +an_1(zo) +..+a;Z, +a,
=a, z0 +a,, 207 +..+ a Z,+4, (do tinh chat (i) va (iv) )
=a,z0 +a, 207 +.+ a,2,+4, (do tinh chat (ii) )

=a,z) +a,,20 +...+a,z, +a, =a+ib =a—ib (do(i) va gid thi€t)

* Nhan xét
Cho phuong trinh bac n hé s§ thuc a,z" + ap 2" +...4a,z+a,=0 (1), a,=0.

¢ Khi a+ib=0thi a—-ib=0. Do d6, n€u z, 1a nghiém cda phuong trinh (1) thi Z
cling 1a nghi€ém phuong trinh (1).
¢ N&u n 18 thi phuong trinh (1) ludn c¢6 it nhat mot nghiém thuc.

5 - Dang lugng gidc ciia sé phiic
A

y

rsing =b ¥(a,b)=a+ib=z

)

a= rcos@

Ching ta tha'y ring mdi s6 phic z = a+ib = (a,b) twdng ng v6i mot vectd c6 goc
1a gbc toa d6 va ngon la diém c6 toa dd (a,b). PE don gidn ta goi véctd nay 1a
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vecto z. Goir 1a mddun vécto z va ¢ la gbc gilta truc Ox va vécto z. T nhdn xét nay
ching ta sé thi€t 1Ap dang ludng gidc (dang cuc) clia s6 phic nhu sau.

5.1- Md-dun ctia so6 phic

Cho s6 phitc z = a + ib . M6-dun cda z, ky hiéu |z| va dinh nghia bdi

1.4
7] = Va2 +b% =1 (19

Vidul.3 V6iz=4-3i thi|z]= =4> +(-3)> =5 S

sk Mot s6 tinh chdt: Vz,z,, 2, € C

1) 2|20 [z]=0=2=0 V) |21.25] = |z4].|zo]
il 71+ 2,| <|zy| + |zo| (BPT t 14 Z z

) |z of < z4| + [2o] ( am gidc) v) —lzu,zz;tO
i) [zi]- 2ol < 21 £ 29 nl

5.2- Argument cta s6 phitc Cho s6 phtic z=a +ib # 0, r=|z|

¢ Gid tri chinh cla argument clia s§ phifc z 13 géc ¢ (-m < ¢ < m) thda
z = r(cos@ + ising), ky hiéu Argz . Cu thé Argz dudc tinh nhu sau:

arctgg khia>0,¥beR
7z+arctg§ khia<Ova b>0
Argz = —7z+arctg§ khia<0va b<0 (1.5)
% khia=0va b>0
—% khia=0va b<0

¢ Argument cua z, ky hiéu argz:
argz := Argz + K2n, k € Z (1.6)

* Cha y

e MOt sO tai liéu dung argz d€ ky hiéu gid tri chinh va Argz @€ ky hiéu
argument.

e (6 thé qui dinh gid tri chinh clia argument trong khodng [0; 27).
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5.3 - Dang luwgng gidc cia so phite Cho s6 phiic z=a +ib # 0

¢ o¢=argz (hay ¢ = Argz)
y ¢ a=rcosQ
¢ b=rsing

rsing=b

0 X
Khi d6 z=r1 (cosQ +ising) (1.7)
goi la dang lugng gidc cia so phic. u

, 2

*k Chd y Chiing ta thudng tim dang lugng gidc clia sO phic z = a + ib # 0 qua hai
budc sau:

Budc 1 Tinh r=+a* +b* =

cosQ =
Budc 2 Tim mot géc ¢ thda

S |TO=|o

sing =
Khi d6 dang lugng gidc cia z1a : z=r(cos¢ +isin p)

Vidu 1.4 Vi€t s8 phic z = 1+i+/3 dudi dang luong gidc.

Modun r= [z]= 17 +(/3)* =2
cosgo—l
2 T
— chon p==
singo:ﬁ o 3
2
Vay z = 2(cos% + isin%) X3

6. Liiy thira bic n s6 phic- Cong thitc Moivre

Cho céc s6 phiic
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71 = 11(COoSP+ 1SInQ,); Z; = 1(COSPL+iSINg,),..., Z, = r(COSQ, +isinQ,).
Khi d6 z,z, =r;.15[(cos@; cose; - sin@;sing,) + i(sing; cos@,+ cos@; sing,)]

= 11.12[COS(Q1+@,) +isin(Q+®,)]

Z r
Tuong ty —- =

L [cos(@i-@,) +isin(-¢,)] , vdi z, # 0.
Z, hn

X Suyra:zz,..z, =1 1,[CoS(Q+@;+..+¢,) + iSin(Q+@s +..+9,)]

Néuz =2z,=..=z,=z=r(cosp +1ising ) ta dudc cong thic lily thira bic n sd phic
n . n n s o (1.8)
z = [r(cosgo+1sm(p)] = r'(cosng +isinng) , Vne Z

Khir=1 ta c6 Cong thiic Moivre

(cosp +ising)" = cosng +isinng , VneZ (1.9)
Vidu 1.5 Tinh va viét k&t qué dudi dang dai s6 phic (1+i/3)*".
Pitz=1+i/3 = 2(cos%+ isin%) . Khi d6
(1+4i+/3)27 = 2207 = 22017(005—20;’77Z +isin 20?”) =

= 22017(cos§+ i sin%) = 22017&+ |§} = 220161 4i+/3) IS

7 - Khai ciin bic n cua so phic

Cian bicn cia s6 phic z, ky hiéu ¥z , 12 s6 phitc w thda man w" =z.
D& thiy ¥/0 =0.
bit cdc sO phic z = r(cosg + ising) # 0, w = p(cosO + isin0). Ta c6

p"(cosnO + isinnO) = [p(cosO + isin0)]" = w" = z = r(cos@ + ising)

p'=r pr=r
= = @+ 2kn

n0=¢+2kn,véikeZ |0= ,VOikeZ

n
N&u goi ¥r 1a cin bac n duy nhit (duong) cia sé thuc duong r, ta dudc:
Vz=w= Q/F[COS(DJr k2z +isinm]=Q/F[cos(£+k2—ﬂ)+isin(£+k2—ﬂ-)], keZ.
n n n n n n
Do céc ham cos, sin tuan hoan chu ky 2z nén ta dudc
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R/_=Q/F(cos¢+nk27[+isin¢+nk27[);k=0,1,2,..., n-1; n eN (1.10)

(chi cAn 14y n gid tri nguyén lién ti€p cia k)

*k Nhan xét Cin bic n cia mot s6 phitc z = r(cos@ + ising) = 0 ¢6 tAt cd n gia tri,
chiing c6 bi€u dién hinh hoc 12 n dinh clia mot da gidc déu n canh ndi ti€p
dudng tron tdm 0 ban kinh 1a .

Vidu 1.6 Khai ciin bic 4 s§ phitc z = -1 + i+/3 va biéu dién cdc k&t qua 1én mit
phing phic.

Giai
Modun r = |z|= \/(—1)2 +(\/§)2 =2,Argz=m+ arctg(-\/g) = n-% = 2?7[
2 2z
2 2 o2k T2k dg
Suyra z = 2(cos?+ isin?) — 4z = Y2 | cos| >—— | +isin| 2—— =Zy,
4 4
véik =0, 1, 2, 3. Bi€u dién hinh hoc cdc k&t qua nhu sau:
1 Y
L 4

8 - Cong thidc Euler- Dang mii cia sé phiic

%k Cong thic Euler: cose + ising = €' (1.11)
%k Dang mii ctia s§ phiic: z = r(cos + ising) = re'” (1.12)
Cho z, = rlewl , zz=r2e'¢2.
v A4 — i(p+ey) . Z, N Lio-0»)
Khidé z,z,=rr,e" """ ; —=—gn"
Z2 r2
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2

Vidu 1.7 Z:—1+i\/_:2(cosz?ﬂ+isin2?ﬂ):2613 .

BAI TAP
Bai 1.1 Tim phan thyc va phan 4o s6 phic
2) 2= —— +e'¥ b) 2= (3-2i)" +—— C)Z:(l__?jml(l_z-ij
1-5i 1+ 3i 1+1 3+1
Bai 1.2 Chiing minh:

2 2
a) Vz#0thi Rez = l£z+&}; Imz = i{z_&J
2 Z 2i Z

b) |z, + zz|2 + |z -~z = 2(|z1|2 - |z2|2) . Giai thich y nghia hinh hoc cda k&t qud nay.
) (cosp tising)" = cosn@=*isinng, VneZ
d) N&u z =r(cose + ising) thi

z"=r"(cosnp tisinng), Vne

tk2z . . ptkK27m .
Q/_ = 'n\/F(COS¢— +1SIn ¢ )le k = 0,1,2,..., n'l(chicﬁnlé{y n gid tri nguyén lién ti€p cta k) HEN+
n n

Bai 1.3 Tim céc s6 thuc x,y sao cho:
a) 3x +2iy —ix +5y =7 + 5i
b) 2x-3iy+4ix-2y-5-10i = (x+y+2)-i(y—x +3).

Bai 1.4 Viét cdc sO phic sau diy dudi dang lugng gidc va dang mi.

a) z=-8i b) z=1-i/3 ¢)z=-+3-1i
d) z=32 e) z=-2+2i f)z:_?l—gi

Bai 1.5 Vi€t cic so phifc sau day dudi dang dai so.

2+ . 26 1-i)’
b2 et o)

1+iV3)’ T 1+i3)"
) e ol

1
g) (-1+)’ h) (-8-8v3 M
Bai 1.6 Gidi cdc phuong trinh sau day:
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a) 22 +(i-2)z+(3-i)=0 e) 5iz’ —4z+4i=0
z+1 Z_'_l' f) Z4+Zz+1=0
b) —_— = 5
z Z 9) Z2+3z+1=0
¢) z2-(2+3i)z-1+3i=0 h) z*-7-22+2=0
d) 2°-2z2-4=0 ) 22 (1-2*) =16
Bai 1.7 Cho phudng trinh: a,z" + a,,z"'+......... +a;z + a, = 0 (1); aceR,

k=0,1,2,....n va a,# 0. Chitng minh ring néu z, 12 nghiém cta phuong trinh (1) thi
z, ciing 1a nghiém cia (1).

Bai 1.8 Cho da thidc f(z) = a,2" + a,,2" ' +......... +a,z + a, v6iaeR, k=0,1,2,....n.
Gia st f(342i) = 1- 2i, hdy tinh f(3-2i).
N 1 _ Zn+1

1-z

Bai 1.9 Chitng minh ring : 1 + z + 2° + .t 2 , v6iz # 1. Tt d6 suy ra

dang thitc luong gidc Lagrange :

1 +c0S0 + 0820 + ......+ cosn0 = L 4 Snl@n+ 16/2] _
2sin(B/2 )
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§2. MAT PHANG PHUC

1. Miit phing phitc

* S0 phic v6 cung: Cho s6 phic z = a +ib . Khi a = oo hay b = oo thi ta néi z 1a s&
phttc v cung va ta ghi z = oo.

sk Miit phiang phifc:
Ay
y M(x,y) <« 57 =x+iyeC
O X > X

Cho mit phing vdi hé truc toa d6 Pé-cdc Oxy. U’ng v6i mdi di€m M(x,y), ta lién
k&t v6i mot s§ phitc duy nhat z = x + iy. Khi d6 mit phing Oxy goi 1a mit phing
phtic va ta thudng goi 1a mit phing z hay mit phing phitc C ( con goi 1a mit phing
hdg).

bN
Mit phing kin, ky hiéu C, C = C U{o}. Vay mit phing phiic c6 thém cic diém oo goi la

mit phing kin.

sk Khoang cach trong miit phiing phic:
Trong mit phang phitic cho hai di€m z,= x; + iy, , z» = X, + iy, . Khi d6 khodng cich
giltaz; va z;1a

|2 -2 = \/(X1 _X2)2 +(y, _Y2)2

2. Mét sé khai niém trong miit phing phitc

2.1- Hinh tron mdé, hinh tron déng

*k Hinh tron mé: Hinh tron m& tim z, ban kinh r > 0, ky hiéu B(z,,r), va dinh nghia
bdi
B(zo, 1) : ={z/|z-2,| <1}
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*k Hinh tron déng: Hinh tron déng tdm z, ban kinh r > 0, ky hiéu B(z_,r) va dinh
nghia béi

B(z,,r) : ={z/|z-2,/ <t}  (hinh trdn c6 14y bién)

* g-1an cdn: Cho ¢ > 0 bé. Khi d6 hinh tron B(z,, €) goi la &-1an cin cla z,,.

B(zo, €) : ={z/ |z-2,| < €}

2.2-Pi€m trong, diém bién, di€m tu Cho E 13 tip hop trong mit phing phic.

¢

¢

Piém z, goi la diém trong ctia E néu 3r > 0 sao cho B(z,, r) c E.

Piém z, goi 12 di€m bién cta E néu Vr > 0, hinh tron m3 B(z,, r) chita diém
thudc E va di€m khong thudc E. Tap tit cd cdc di€m bién clia E ky hiéu 12 OE.
Bao déng ctia E, ky hiéu E, E:=EUJE. (Luuy di€m bién cla E c6 thé khong
thuoc E)

Piém z, goi 12 di€m tu cia E néu Vr > 0 hinh tron md B(z,, r) chiia vo sd diém
thudoc E. (Luu y di€ém tu cda E c6 thé khong thudc E)

2.3-Tap dong, tip mdé, tap bi chiin, tip compact, tip lién thong

Cho E 1a tap hop trong mit phing phifc

¢

¢
¢
¢
¢

Tap E goi 12 tip md néu moi diém thudc E déu 1a di€m trong clia E.
Tap E goi 12 tip déng néu E chita moi diém bién cla né.

Tap E goi 1a tap bi chin ( gidi ndi) n€u IR > 0 sao cho E = B(0, R).
Téap dong va bi chdn goi la tdp compact.

Tap E goi 1a tAp lién thong n€u mdi cip di€m z,, z, bat ky thudc E ludn ton tai
mot dudng lién tuc trong E ndi z; vé6i z,.

2.4- Mién, mién don lién, mién da lién

Cho D # & 1a tap hop trong mit phing phic.
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j)  Tap D goila mot mién néu D 13 tAp md va lién thong.

ii) N&uD 1a mot mién thi D=DUdD goi la mién kin ( mién déng).

iii) Mién D goi la mién don lién n€u bién cda D chi gdm mot thanh phan lién
thong. Mién khong don lién goi 12 mién da lién ( bién clia né c6 tir hai thanh
phin lién thdng trd 1én).

\ e A

Bai tap
Bai 1.10
a) Biéu dién cac sbé phirc sau day trén cung mét mat phadng phdc: 3+5i,

2(3 + 5i), %(3+5i), %(3+5i)e'3, %(3+5i)e_'3.

b) Biéu di&én cac sb phirc sau day trén cung mét mat phang phirc: a+ib,
2(a+ib), %(a+ib), %(a+ib)ei3, r(a+ib), r(a+ib)e?, r@a+ib)e 3, r(a+ib)e?
(v&i a>0,b>0,r>0).

Bai 1.11 Néu y nghia hinh hoc clia cic tAp hdp di€m trong mit phing phiic thda cic
hé thic sau.

a) A= {Z/|Z—Zl|:|Z—Z2 » 21 % 2 } e) E= {Z/HZ+2|—|Z—2”=6}

}

b) B={z/[z-1+i<5 | f) F={z/arg(z+i)=

INGI S

c) C= {z/|z+2—i|+|z—2+i|=6} & G={z/mz<2]

d) D= {e/|c+3-i+[c-3+i <12 }

h) H= {Z/|z—z0|+|z+z0|32a ,

Z0|<aeR}

V6i mdi tdp hop trén, hiay cho biét ching c6 tinh chit nao sau ddy: DPdéng, md, bi
chin, compict, lién thong, mién.

Bai 1.12 Néu y nghia hinh hoc clia cdc tip hgp diém trong mit phing phic thda
cac hé thidc sau.

a) A= {z/z-1+2i|<3 | d) D= {z:1<|z+2i|]<4)

b) B= {z/jz+2-i|+|z—2+i|<6} e) E= {z:argz-i)=Z )

_ 4
c) C={z:|z+1-2i>2} f) F= {z:-1<imz<2)

V6i mdi tdp hop trén, hay cho bi€t ching c6 tinh chit nao sau diy: DPoéng, md, bi
chin, compict, lién thong, mién.
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Chuong 2

HAM BIEN PHUC

Trong chuong nay, ban sé hoc:

Kh4i niém ham bién phic.

Phan thuc va phan 4o ctia ham bién phifc.
Phép bién hinh thyc hién béi ham bién phiic.

Gidi han va lién tuc cia ham bién phitc.

® & & oo o

Cé4c ham sé so cap co ban.

1. Dinh nghia ham bién phiic
Gia st A 12 tip hop di€m trong mit phing phitc z. N&u c6 mdt qui tic f ma mdi

s6 phiic z €A , tudng rng v6i mot hoic nhiéu s§ phitc xdc dinh w , thi ta néi trén tap
A da xdc dinh mot ham bién phitc w = f(z).

4

¢ N&u mbi s6 phiic z €A, tuong tng v6i duy nhit mot s§ phitc x4c dinh w, thitanéi  w
=f(z) 1a ham don tri.

¢ N&u mbi s6 phifc z €A , tuong tng v6i hai hay nhiéu s& phitc xdc dinh w, thi ta néi  w
=f(z) 1a ham da tri.

¢ N&u w = f(z) 12 ham bi&n phtic xdc dinh trén tip A thi A goi 12 mién xdc dinh va tip B
={w/3ze A thdaf(z) =w } goi la mién gid tri clia hAm bi&€n phifc w = f(z).
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¢ Sau nay, khi néi d&€n modt ham phitc w = f(z) ma khong néi rd gi thém thi ta xem
dé 1a ham don tri.

Vidu 2.1
a) Himw = 7z* 12 ham don tri xdc dinh trén toan mit phing.

b) Ham w = Jz 1a ham hai tri xac dinh trén toan mit phing.

¢) Homw =

la ham don tri xac dinh trén toan mat phezmg trit hai di€m iva —i.
z°+1

N - 1 N N . ~ . A N - 2 N e R .
d) Ham w = /2iz+3 +—— 1a ham ba tri xac dinh trén toan mat phang tru diém i.
z—i

* Ham ngugc
Gid st w= f(z) 12 mot ham bié€n phitc c6 mién x4c dinh 12 tdp A vi mién gid tri 12
tap B. Khi d6 , mdi w € B, tuong tng v6i mot hodc nhiéu gid tri z € A sao cho f(z)

= w. Nhu vay trén tdp B da x4dc dinh mot ham phitc z = g(w) bi€n tAp B thanh tap A,
ham nay goi 1a ham ngudc cia ham w = f(z).

Vidu2.2 Hamw=3/z va w=2’1a hai hAm ngudc cda nhau.

2. Phadn thuc va phédn do ciia ham bién phiic

Cho ham bi€n phiic W = f(z), tic 13 cho phan thuc u vad phan 4o v cla w.
Né&u z=x +1iy thi uva v 1a hai hAm thyc cda hai bi€n s§ doc 1ap x va y. Tém lai,
cho ham phitc w = f(z), tudng trng cho hai ham thyc u =u(x, y) ; v=v(x, y).

Z=X+1y

w=1(z) < w=uXYy)+iv(x,y) 2.1)

Vidu 2.3 Tim phan thyc va phin 4o clia cdc ham phic:

1 b) w=27* +2iz
a) w=—
z
Giai
1 —1 -
a)W:l: S S A S y

7 X+iy X2_’_},2 X2+y2 X2+y2

X N A 2 _y
s— vaphinao v(xy)= ———.

X" +Yy X" +y

Vay phan thuc u(x,y) =

b) w= (x+iy)2 + 2i(x-1y) = x> —y2 + 2ixy + 2ix + 2y = (x2 —y2+ 2y) +1(2xy + 2x)
Vay phan thuc u(x,y) = x> —y>+ 2y va phin 4o v(x,y) = 2xy + 2x
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3. Phép bién hinh thuc hién béi mot ham bién phiic

Gi4 st w= f(z) 12 mdt haim bi&n phifc c6 mién x4c dinh 12 tip A trong mit phing z ( mit
phing Oxy) va mién gi4 tri 12 tip B trong mit phing w (mit phang 0’uv). Khi d6 ta néi ham
w = f(z) thuc hién mot phép bi€n hinh tir tip A trong mit phing z 1én tip B trong mit
phing w.

y A%

ﬂ‘ A

0 > x 0’ tu
Hinh 2.1
Vi du 2.4 Tim 4nh ciia cdc tip hgp di€m sau ddy qua phép bi€n hinh w = z°.
a) Piém z,=1-.
b) Pudng tron |zl =r.
c) Tiaargz=a (O <(x<£).
d) Mién hinh quat 0 < argz< %
Giai
a) VGi zo= 1-i = w, = (1-)* =-2-2i.
AY Vs
'ﬂ- w
O E W= 23 ! o -
“““ (\ .
224
Hinh 2.2a
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b) VGi z = r(cos@+ ising ) = w= 2’ = r°(cos3¢ +i sin3¢ ). Suy ra |zl =rthi|wl =1
Vay 4nh cia dudng trdn ban kinh r 13 dudng tron bén kinh .

g

7

7

&Y
2

¢) z =r(coso+ isina ) = w= 7’ = r3(cos3a +i sin3a ). Suy ra anh cida tia argz = o 1a

tia argw = 3a.

-

d)

%
w ;:t‘——*\\

™~
N

-

\).

Hinh 2.2b

F\L

N

[eX]
N

Hinh 2.2¢

z = 1(cos@+ ising ) = w=z" = r’(cos3¢ +i sin3¢ ). Ma 0<r<owthi0<r<ow;

0<op< % thi 0 < 3¢ < n . Viy 4nh clia mién hinh quat 0 < argz < ™ 1a nira mat

phing phia trén truc thuc 0’u.

N\

N

¢

7

L
3

x
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4 - Gidi han ciia ham bién phiic

4.1- Dinh nghia

Cho ham phitc w= f(z)x4c dinh va don tri trong 1an cin diém z, (c6 thé trir z,).
S6 phitc L goi Ia gidi han clia ham f(z) khi z dan dé&n z, néu: Ve >0cho truée, 38 >
0 sao cho Vze lan cdn z, thda 0<|z-z,|<5 thi [f(2)-L|<e.

Ky hiéu lim f(z)=a

Z—Zg

4.2- Pinh Iy

Cho ham bi€n phic f(z)=u(x,y)+iv(X,y), Zo=Xg+yo, L =a +if thita cé:

lim u(x,y)=«a
X—>Xo

lim f(z)=Led{’ 0

. (2.2)
21, lim v(x,y)=/4
X—>Xo

Y—=>Yo

*k Nhan xét

Viéc tinh gidi han ctia hAm phitc dudc chuyén thanh viéc tinh gidi han hai ham
thuc hai bi€n. Cdc tinh chit giéi han haim phitc twong tw nhu ham thuc.

Vidu 2.5 Chiing minh  lim z* =z’
7Z—>7Z

Tacow=12" =(xHy) =x"—y* +i2xy > u=x"-y*, v=2xy

lim (x* + y2) = xf, + y(z) , lim(2xy) =2x_y,

X=X,
y_>y(7 y%}IO
. 2 2 2, 2
Suyra lim z° =x, -y, +i2x,y, =z, 4
Z—>Zo

4.3-Pinh I

a) Néu lim f(z)=A, lim g(z)=B thi
7—>7 Z—>Zo

(i) lim (1(2)=9(2)= lim f(2)% lim g(z)= A%B

lim
17,
(i) lim f(2).9(z)= lim f(z). lim g(z)= A.B
721, 71, 7212,
lim f(2)
Gii) Tim 222 A gpLo
z—12, 9(2) lim g(z) B
-1,

b) Gidi han ctia hAm s& néu c6 thi duy nhat.

Ham bién phirc va phép bién d6i Laplace. ..................cceeeeeeeeeeeeeeeeiieeee e Trang 18



5-Ham s6'lién tuc
5.1- Dinh nghia

Gi4 st ham w= f(z) xdc dinh va don tri trong 1an cin di€m z,. Him f(z) goi 1 lién
tuc tai zo n€u va chi n€u f(z) xdc dinh tai zgva lim f(z)= f(z,).
z

0

Ham f(z) goi 12 lién tuc trén mién D né€u né lién tuc tai moi di€m z thudc D.
5.2- Dinh ly

Gid st f(z)=u(x,y)+iv(x,y). Ham f(z) lién tuc tai z, = X, + iyo khi va chi khi céc
ham u(x,y) va v(x,y) li€én tuc tai (Xo,yo)-

*k Nhan xét Viéc xét tinh lién tuc clia haim phifc dugc chuyén thanh viéc xét tinh
lién tuc cda hai ham thuc hai bién.

Z+ 277

Vidu 2.6 Xét tinh lién tuc cia ham f(z) = | |2
z
, z+7z X+iy+x -y’ x+x -y’ .y
Ta c6 f(z) = = 5 5 = 5 S—H— e
|Z| X +y X" +y X +y
X+x> -y’ y
Ma cic ham u(x,y) = — V(Xy) =—F—F li€n tuc trén toan mdt phang trir
X +y X" +y
di€m (0,0). Suy ra f(z) lién tuc trén toan mit phiang trir di€m z = 0. 2

Ti nhan xét trén clng vdi cdc tinh chit lién tuc clia ham hai bié€n ta suy ra dugc cic
dinh ly sau.

5.3- Dinh lj

Téng, hiéu, tich, thuong cia cdc ham lién tuc cling 1a ham lién tuc, véGi diéu kién
mau s6 khdc khong. Him hdp ctia hai ham lién tuc thi lién tuc.

5.4- Pinh Iy

Né&u ham w= f(z) lién tuc trong mién kin bi chin D thi f(z) bi chin trén mién dé.
Nghia 12 3M > 0 sao cho |f(z2)] <M, Vz € D.

5.5- Dinh Iy

Né&u ham w= f(z) lién tuc trong mién kin bi chin D thi né dat gia tri 16n nhat va

nhd nha't (vé modun) trén mién do.
6- Cdc ham sd so cdp co ban

6.1 Ham da thiic
w=a,2"+a, 2" ' + ...+ 2,2 + a9 = P(2) (2.3)
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v6i a, # 0; ag, ay, ....., a,12 cdc hiing s6 phifc, n 1a s6 nguyén duong dugc goi 1a bac
da thiic P(z). Him nay don tri va lién tuc trén ton mit phing phic.

6.2 Ham phén thiic dai sé

P(2)
= —" 2.4
YT (24

vdi P(z), Q(z) 1a cdc da thitc. Him nay don tri va lién tuc khip ndi trir cic diém z,
ma Q(zy) = 0.

6.3-Ham mii
¢ w=e“=¢e""Y =e*(cosy + isiny) (2.5)
Ham nay don tri va lién tuc trén toan mit phang phic.

e = e 2K o%(cos2kT + isin2km) = € |, k €Z.

¢ l#aeR':a%:=e™ (2.6)

Vidu2.7 2¢=¢; 23 = g G2 G322 _ o302 1004(1n2) +isin(In2)]. &

6.4 -Cdc ham lugng gidc

sinz = ; coszZ=——— (2.7)
21 2
inz z
tgz = S ; cotgz = C?S (2.8)
CcOoSZ Sin Z
Mot so tinh chdt
) 2 2 2
sin“z+cos'z=1 l+tgz=— 1 +cotg'z= —
cos” z sin” z
sin(-z) = -sinz cos(-z) = cosz tg(-z) = -tgz
cotg(-z) = -cotgz sin(z;  z,) = sinz;C0SZ, = C0SZ;Sinz,.
tgz, £tgz, _ . .
tg(z1tz)) = ————— cos(z;* ;) = €c08Z;.COSZr, F Sinz;.sinz,
1+19z,.t9z,
—t .t -t .t
. : e +e . e —e _
Vé6it e R, cos(it) = 2% 5 4005 sin(it) = 2% 54+, n
2 2
* Nhan xét Cac ham sinz, cosz khong bi chédn trén C.
6.5-Cdc ham Hyperbolic
e? —e? e? +e’?
shz = — ; chz=—— (2.9)
2 2
shz chz
thz =— ;  cothz=—— (2.10)
chz shz
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6.6 Cdac ham logarit

¢ N&uz=e" thita viét w = Inz, goi 12 logarit ty nhién clia z.
z=1e9=re@®** Kk=0,+1,+2,....
w=Inz=Inr+i(p +k2n); k=0, 1, £2,.... (2.11)

Viy w = Inz 12 ham da tri. V6i mdi s6 nguyén k c¢6 dinh , ta s& xdc dinh dudc mot
nhanh cta ham, ldc d6 ham trd thanh don tri. Nhanh chinh cia ham Inz , ky hiéu la
Lnz, xdc dinh bGi: Lnz=1Inr+ip v6i0< ¢ <2n (hodc co thé 1Ay -t < @ < ).

Ham Inz 1a ham ngugc cia ham e”.

,_Inz (2.12)

¢ Néuz=a tthlegaZ7O<a¢1: W=10g =
a Ina

6.7-Cdc ham lugng gidc nguoc

Céac ham ngudc cua cac ham sinz, cosz, tgz, cotgz lan lugt 1a arcsinz, arccosz, arctgz,
arccotgz ; va xac dinh nhu sau:

arcsinz = _lln(iz +41-2%) arctgz = %ln(r—:ij (2.13)
I i

arccosz = _lln(z +27 =1) arccot gz = %ln(ﬂj (2.14)
I j—

6.8 -Cdc ham Hyperbolic nguoc

Cdc ham ngudc clia cdc ham shz, chz, thz, cothz 1in lugt 1a sh™'z, ch™'z, th™'z,
coth™' z ; va xac dinh nhu sau:

sh'z = In(z + 42> +1) thz = %mG*—Zj (2.15)
A
ch™'z = In(z+~2> - 1) coth™' z =%1H(Z—+D (2.16)
Z_

6.9 - Ham liiy thuia
z*, a € C dudc dinh nghia bdi

7% = e (2.17)
Tuong ty ham ( f(z)) ¥”= g&@Inf(@) (2.18)

% Tat cd cdc ham sd c¢6 dudc tlif cdc haim s so cAp co ban k€ trén bing cich 4p
dung mot s6 hitu han 1an cdc phép todn cdng, trir, nhan, chia, phép khai cin, phép
hop hai ham s6 , goi la ham s6 so cap.
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BAI TAP

Bai 2.1 Tim phin thuc va phan 4o cla ham f(z) trong cdc trudng hdp sau:

a)f(z2) =2°+2iz b)f(2) =2°-22°48iz ) f(2) = —— d)f(z)zz__i
z+3 Z+3

_2'
) f(Z)=§+3il

e) f(z)=e"™ f) f(z)=ze"™ g) f(z) =ze*"
Bai 2.2 Vi€t mdi ham s6 sau ddy thanh da thitc theo z = x + iy.
a) f(2) = (x> = y> =2y +1) +2i(xy+x)  b) f(2) = (-x> +y* =y +2) + i( x- 2xY)

Bai 2.3 Xét tinh lién tuc cdc ham so sau:

z 2 3=
a) f(z2) = 5 b) f(z) =(x+y)+ixy ¢c¢) f(z2) = 7 4]
2 +1 i khiz =-i
Bai2d4 Cdcham f(z) = N2, f(z) = |i f(2) = % xdc dinh véi z# 0. Phai
Z Z Z

x4c dinh thém gi4 tri f(z) tai z =0 th& ndo d€ ham lién tuc tai di€m nay?

Bai 2.5 Gidi cdc phuong trinh sau day:

a) sinz="7 e) Inz=2+i=0 i) chz=0
b) sin’z - 12sinz +35=0 f) z'-22-22+2=0 |j) chz=-6
¢) cos’z—3cosz+2=0 g) e"=0 k) shz=-2
d) cos’z - 9cosz +20=0 h) e*=-2 1) shz=i

Bai 2.6 Cho phép bién hinh o = f(z) = z*. Tim:

a) Anh cia dubngy =2 b) Anh cia dudng y = x c¢) Tia argz = o
Bai 2.7 Cho phép bién hinh o = f(z) = é fim :

a) Anh clia dudng tron x> +y°=4  b) Anh clia dudng y = x

¢) Anh ctia ho dudng tron x* + y* = ax

Bai 2.8 Cho phép bién hinh 0 = f(z)=2z". Tim:

a) Anh clia dudng |z |=r. b) Anh ciia dudng y = x
c) Tia argz =a d) Mién hinh quat 0 < argz < %
Bai 2.9

a) Tim 4nh cla dudng thing x = 21 qua phép bi€n hinh f( z) = e”.
b) Tim 4nh clia dudng thing x = a qua phép bién hinh f( z) = &”.
¢) Tim &nh cla dudng thing y = & qua phép bién hinh f( z) = &”.
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d) Tim &nh cla dudng thing y = b qua phép bién hinh f( z) = e”.

Bai 2.10
a) Chiing minh riing tit cd cdc nghiém clia phuong trinh sinz = 0 déu 12 s6 thuc va
tim cdc nghi€ém nay.

b) Chitng minh riing tit cd cdc nghiém clia phudng trinh cosz = 0 déu 1a so thuc va
tim cdc nghi€ém nay.

Bai 2.11 Viét cdc s6 phic sau diy dudi dang dai so.

a) In(-12) d) 2' g) ch(1-i) j) (1-)*
b) In(1+i+/3) e) i’ h) sh(3-2i) k) arctg(1+i)
¢) In(1-iv3) f) sin(1+1) i) tani 1) arcsin(-i)
Bai 2.12

a) Tim 4nh clia dudng thing y = —% qua phép bi€n hinh w = e?

b) Tim 4nh clia dudng thing y = % qua phép bi€n hinh w = etz

¢) Tim 4nh clia dudng thing x =2 qua phép bi€n hinh w = etz

d) Tim 4nh clia dudng thing y = % qua phép bi€n hinh w = e **

4z

e) Tim 4nh clia dudng thing x = % qua phép bi€n hinh w = e~
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Chuong 3

DAO HAM CUA HAM BIEN PHUC

Trong chuong nay, ban sé hoc:
¢ Khdiniém dao ham va vi phan ham bi€n phiic.
¢ Y nghia hinh hoc ctia dao ham.
¢ Diéu kién Cauchy-Riemann. Cong thic tinh dao ham.
¢ Khdi niém ham giai tich.
¢ Khdiniém ham diéu hoa.
¢ Lién hé gitta ham gidi tich va ham diéu hoa.
¢

Céch tim ham gidi tich khi bi€t phan thuc hodc phan 4o clia né.

1.Dinh nghia dao ham va vi phdn
Cho ham w= f(z) x4c dinh va don tri trong mién D va di€m zeD.

i NEw  lim f(z+Az2)-f(2)
Az—0 Az

ham cia ham f(z) tai z, ky hiéu f’(z).

tdn tai hitu han thi giéi han nay dugc goi I1a dao

f(z+Az)- 1(2)
Az (3.1)

f’(z) = lim
@ Az—0

ii) Him s& w= f(z) goi 12 c6 dao ham trén mién D néu f(z) c6 dao ham tai moi
zeD.

iii) Him w= f(z) goi la kh3 vi tai z n€u sd gia Af(z) =f(z+ Az)—f(z) c6 thé viét
dudi dang
Af(z) = AAz + 0(Az)

Trong d6 A 1a hiing s6 phtic chi phu thudc vao f va z, o(Az) 12 vo cling bé cip cao
hon Az khi Az— 0. Khi d6 AAz goila vi phan ham s6 tai z, ky hiéu df (z) hay dw .

iv) Ham s6 w= f(z) goi 12 kh3 vi trén mién D néu f(z) kha vitai moi zeD.

Tuong ty nhu ham mot bién thyc, ta c6: HAim w= f(z) khd vi tai z n€u va chi néu
f(z) ¢6 dao ham tai z . Khi d6, A = f’(z) va ta c6 cong thic tinh vi phan

df (z) = f'(2)Az= f'(z)dz =w'dz = dw 3.2)
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*k Nhdn xér : Khai niém dao ham, kha vi va vi phdn ham phic hoan toan tuong tu
ham thuc mot bién.

Vidu 3.1 Tinh dao ham va vi phdn ham s6 w=f(z) =2° .

Giai
3.3
Paohim f(z)= lim [CFAD-f@ _  @+rA9"—27
Az—0 Az Az—0 Az

2 2 3

= qim SEARFIUADTHADT 13,2 3004 (AP = 32

Az—0 Az Az—0
Viphan dw =df(z) = 37°dz. .

2. Y nghia hinh hoc ciia dao ham
Cho ham w = f(z) kha vi tai zy va f’(zq) # 0.
kY nghia cia | f(zo)! :

Pitk= | (z0)| ,r=|A7=]z~27,| . KhiAz > 0, tac6

p =|Aw| =l (2)Az +0(Az)|~ | (2)Az]= [ (2)|Az| = kr = p ~kr.

V=
VE

Anh ctia hinh tron |z —z,| <r1a hinh “gan trdon” ban kinh p.

Vay k=|f(z0)| 12 hé s8 co ddn ctia phép bi€n hinh w = f(z) tai z.
sk Y nghia cta arg(f’(z,)):

arg(f’(zo)) 12 géc quay clia phép bi€n hinh w= f(z) tai z,. Tidc la néu goi C 1a
dudng cong di qua z, v6i ti€p tuyén tuong ng la z,t vd L = f(C) vdi ti€p tuyén
tuong ng tai w, 12 w,T thi a = arg(f’(zo)) 1a géc ma ta phdi quay ti€p tuyén z.t dé
dugc ti€p tuyén w,T. G6c nay khong phu thudc vao viéc chon dudng cong C qua z,.
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Bay gio n€éu C va C’ 1a hai dudng cong cit nhau tai z, mot géc 1a 0 thi dnh tuong ¥ng
cia ching 1a L va L’ ciing cdt nhau tai w, mdt géc 0. Vi vay ta néi w = f(z) 1a phép bién
hinh béo gidc tai z,.

4 VA

3. Piéu ki¢n Cauchy - Riemann (C - R)

* Diéu kién cdn

Né&u ham f(z)=u(x,y)+iv(x,y) kha vi tai 3&m z = x + iy thi cic ham u(x,y) va v(x,y) kha
vi tai di€m (x,y) va thda diéu kién Cauchy - Riemann.

ou_ov
ﬁx_ﬂy
ﬂ_ _ﬂ (C-R) (3.3)
y  ox

¥ Diéu kién du
Né&u cdc ham u(x,y) va v(x,y) kha vi tai di€m (x,y) va théa man diéu kién ( C- R) thi ham
f(2) = u(x,y) +iv(x,y) kha vitaiz=x +1iy.

Chitng minh

k Piéu kién can Gia st f(z) kha vi tai z, ta cé:
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Af(z) =1(z) + o(Az) , Af(z) = Au+iAv (1)
biat f'(z) =B +iC v6i B, C € R; 0(Az) = 01(Az) +1 02(Az) v6i 01(Az) , 02(Az) 1a cdc vO cung
bé thuc cAp cao hon Az khi Az— 0. Thay tit cd vao (1) ta c6 :
Au+iAv = (B +iC) Az + o(Az ) = (B + iC) (Ax+iAy) + 01(Az) +i 02(Az)

= [BAx - CAy + 01(Az)] +i[ C Ax +BAy + 02(Az) ] (2)
Suy ra Au=BAx - CAy + 01(Az) va Av =C Ax + BAy + 02(Az) 3)
Do d6 u, v kha vi tai (x,y) va theo cong thitc vi phan ham thyc hai bién ta c6
0 0 0 0
du_p_Ov. OV __Ju
X oy OX oy

% Piéu kién dd Gid st cdc ham u, v khd vi va thda diéu kién (C-R) . Khi d6 ta c6 (3) va
do d6 c6 (2) va (1). Tic 1a f(z) kha vi tai z. u

* Hé qua (Cong thiic tinh dao ham)
Tur chitng minh trén ta suy ra cong thiic tinh dao ham cia ham f(z)=u(x,y) +iv(x,y)
kha vi tai z = x + iy nhu sau

du .0v_0v .0u Jdu .0u OV .0V

f'l(z)=—+i—=—-i—=—-i—=—+i—
0x oOx 0y 0y o0x 0Oy 0y 0x

(3.4)

% Chii ¥ (Nhic lai diéu kién dd kha vi ctia hAm hai bi€n thuc)
Né&u ham hai bi€n thuc g(x,y) ¢d cdc dgo ham riéng g, , g, tréntigpmé D va g, , g,
lién tuc trén D thi g(X,y) khd vitrén D.
Vidu 3.2
a) Tim tit cd cdc diém trong mit phing phic ma tai d6 ham s&
f(z)=(z-6i)Rez—iz ¢6 dao ham v tinh dao ham cia hAm s6 tai cdc diém do.
b) Chitng minh ham f(z) =e’kh3 vi trén toAn mit phing va (e”)’ = ¢”.
Giai
a) Tap xdc dinh ham so 1a C.

f(z)=(z-60)Rez—iz =(Xx+iy—6D)x—i(Xx+iy)= (x> +y)+i(xy —7X)

u \
2~ N A ' ' ' ' A A A 2 A
Cdc dao hamri€ng u, =2x,u, =1, v, =y-7,v, =x d€uliéntyc trén R” n€nu, v

kha vi tréen R* = C (1).
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y

Piéu kién (C-R): {UU,X_: Vy,x o {12:’(7:_Xy & {§ - 2 2).

Ham s6 ¢6 dao ham khi va chi khi ham s kha vi (3).

Tix (1),(2) va (3) suy ra tap tit cd cdc di€ém ham s c6 dao ham 1a {6i}.
£1(61) = U (0,6) + V. (0,6) = 2x0+i(6-7)= —i

b) Tap xédc dinh ham s§ 1a C.

Tacéz=x+iy=>e’=eV=¢ (cosy+ isiny) = e*cosy + ie*siny

= u = e’cosy, v = e’siny.
Cdchamu, v c6 cdc dao ham riéng tai V(x,y) va ta c6

@—e"cos ﬁ—e"sin
JX Y JX Y
Ju « ’

— =—e"siny |— =e"cosy
ay y

A ‘A A 2 A . A 2
déu lién tuc trén R* nénu, vkhd vitren R°=C .

RO rang u, v thda di€u kién Cauchy-Riemann.
Vay f(z)=e® kha vi tai moi z va f’(z) = e*cosy + i €"siny = e’.

% Nhan xét : Cho ham w = f(z)=u(x,y)+iv(x,y) va cdc hamu(x,y), v(x,y) cb

cdc dao ham riéng tai diém (x,y). V6i z = x+iy , z= x-iy thi x = Z;Z Yy = Z;Z va
i

w xem nhu him s8 theo hai bi€n z , z. Ap dung qui tic dao ham ham hop ciia ham

hai bién ta dudc

ow _o(u+iv)_ou .ov (511 ox , v 8yj (av ox , ov 8y]

oz 9z o0z o0z \ox oz 6y 0z ox 0z 5y oz
ou 1 éu(—lj (ov1 6v(—lj ou Ov) .1({0v ou
+i ——+—| — ——— |+i—| —+—|=0.
ox 2 oy ox2 oy\2i ox oy) 2\ox oy
A PN N . Oow
Vay diéu kién (C-R) tuong duong vSi = =0. u
z
Vidu 3.3 W=2X-4yi=22+z-4l 2Z=-z+32:> 8_‘Y:3¢0 nén ham nay khong
i z
kha vi tai bat ky di€m nao. .

% Chii y
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Cdc tinh chdt dao ham va vi phén; cdc qui tdc tinh dao ham ciia tong, hiéu , tich,
thuong, ham hop va bang cdc cong thiic dao ham co bdn ciia ham thuc vin diing
doi véi ham phiic ( doi véi cdc ham da tri phdi chon nhdnh thich hop).

4. Ham gidi tich
¢ Hamdontri w= f(z) goila gidi tich trong mién D néu f(z) kha vi tai moi di€m

thudc mién D.

¢ Ham w= f(z) dudc goi 1a gidi tich tai di€ém z néu c6 mot 1an ciAn nio d6 clia z
sao cho f(z) kha vi trong 1an cin d6.

Vidu 34

a) Ham f(z) =e” kh3 vi tai moi z thudc mit phiang phic, do d6 né gidi tich trén
toan mit phiang.

b) Ham f(z)=(z—-6i)Rez—iz chi kha vitai z=6i nén f(z) khong gidi tich tai b4t
ky di€m nao ca.

¢) Ham f(2) = zImz = (x+Hy)y = xy iy’ = u=xy,v=y’

au ov

—=y — =0
Ix , oX déu lién tuc trén R* nén u, v kh3 vi trén R* = C.
ﬂ— X ﬂ—zy
ay ay
ou ov
N X OV =2 =0
Xét dieu kién Cauchy-Riemann: ox. Y Y y<:> Y .
v T k=0 x=0
oy OX

Vay ham s6 chi kha vi tai z = 0, do d6 né khong gidi tich tai bt ki di€m nao trong
mit phing. .

% Nhdn xét : Trong mot mién thi khdi niém kha vi va gidi tich tudng duong nhau.
Nhung tai mot di€m thi khdi niém gidi tich doi hdi diéu kién nhiéu hon kh3 vi.

5. Lién h¢ ham gidi tich va ham diéu hoa
5.1. Ham diéu hoa

Ham u(x,y) goila haim diéu hoa trong mién D néu né thda phuong trinh Laplace:

Ju Ju
Viu= + =0, V(x, D 3.5
o oy (x,y) € (3.5)
2 2
V=2 >+ d —- £0i 12 todn ti Laplace
X oy
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Vi du 3.5 Chirng minh ham u(x, y)= In(x* + y?) 12 ham diéu hoa trén R2\{0}.

Ju_ 2x é,zuzz(yz_xz)
) ox xP+y? ox* ()(2+y2)2 ,  Ju Ju
Ta co = = Vu= + =0 V(x,y)#(0,0).
é’u: 2y o”zu_2(xz—y2) x> oy’ ()= (0.0)
y x*+y’ oy’ (X2+y2)2
Vay u(x,y) = In(x* + y*) 12 ham diéu hoa trén R2\{0}. .
5.2. Dinh ly

Ham f(z)=u(x,y)+iv(x,y) gidi tich trong mién D né&u va chi néu phan thuc u(x, y)
va phian 40 v(x,y) 1a cdc ham diéu hoa va thda diéu kién Cauchy-Riemann trong D.
5.3- Dinh nghia

Hai ham diéu hoa u,v sao cho f(z)=u+iv 12 ham gidi tich goi la hai ham diéu hoa
lién hop; v goi 1a lién hdp diéu hoa véi u.

Vidu 3.6 Tim ham gidi tich f(z)=u(x,y)+iv(x,y) bi€t phan thuc:

u=3xy +2x> -y’ - 2y°

Giai
¢ Kiém tra ula ham diéu hoa:
o u
@=6xy+4x > =0y +4 5 5
o X OX ) o'u o 2
ou 2 = Viu=——+——=0,Y(xy)eR
——=-3y’ —4y+3x’ o”’u__6 _4 X" ay
oy é’yZ_ y

Vay u 12 ham diéu hoa trén R,

¢ Tim v: Theo diéu kién Cauchy-Riemann ta c6

ﬁ = —@ =3y’ +4y-3x> =v :I(3y2 +4y —3x7)dx + g(y) = 3y’x + 4yx — X>+g(y).
X oy

= g—;: 6xy +4x +g'(y) = %: 6xy +4x = g’(y) =0=g(y) =C.
Suyrav= 3y2X +4yx —x’+C.

Vay f(z) = 3x%y + 2x” — y°=2y” + i(3y’x + 4yx —x’+ C) , v6i C 12 hiing s8 thuc bat ky. &
Vidu 3.7 Tim ham gidi tich f(z)=u(x,y)+iv(x, y) bi€t phan thuc:

2 2
u=x"-y~ +e’
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g N N R N
¢ Kiém tra ula ham di€u hoa:

52
?ZZX 9 =2 o

ou Pias e Viu=T o T set 20, ¥y eR?

U oyser |9 2:_2+ey ox” 0y

oy oy

= u khong 1a ham diéu hoa.

Vay khong ¢6 ham gidi tich f(z) thda f(z)=u(x,y)+iv(X,y). 2

BAITAP

Bai 3.1 Tim céc hiing s6 thuc a,b,c d€ ham f(z)gidi tich.
a) f(z)=x+ay +1i(bx + cy) b) f(z)= cosx(chy + ashy) + isinx(chy + bshy)

Bai 3.2 Chitng minh ring :
a)Ham f(z):\/m thda di€u kién Cauchy-Riemann tai z = 0 nhung khong kha vi tai
z=0.
b) Him f(z)=zRez kha vi tai z =0, tinh {*(0).
¢) Ham f(z)= z khong kha vi § diém nao ca.
Bai3.3 Choham f(2)=z’+2z.

a) Tim hé sd co ddn va géc quay clia phép bién hinh taiz= -1 +1

b) Trong mién nao ctia mit phang z , phép bi&n hinh 1a phép co , phép din ?
Bai 3.4 Lam tuong ty nhu bai 3 véi cac ham f(z) sau:

a) f(z)=7" b) f(z) =¢” c) f(z) =In(z-1) d) f(z) = %

Bai 3.5 Trong moén khi dong luc hoc va co hoc chdt 1éng , cdc ham u va v trong

f(z)=u+iv, § diy f(z) gidi tich , goi 1a ham th& vi van téc va ham dong. N&u
u=x’+4x—y’> +2y , hiy tim v va f(z).

Bai 3.6 Tim ham giditich f(z)=u(x,y)+iv(x,y)biét phan do:
v=3x"y +2x> -y’ = 2y* 43, £(0) = 1+43i

Bai3.7 Timham giditich f(z)=u(x,y)+iv(x,y) biét:
u(x,y) =3x%y +2x> - y° = 2y* , £(0)= 0+2i .

Bai 3.8 Tim ham gidi tich f(z)=u(x,y)+iv(x, y)biét :
a) v=2x(1-y) b) u=e™ (xcosy + ysiny) va f(0) = 1
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c)v=x>-2y d) f’(z) =4z -3 va f(1+1) =-3i

e)u=e" f) v = In(x*> + y?) + x -2y . Tinh ' (2).
Bai 3.9 Gia st z = re'® va f(z) = u(r,p) + iv(r,p). Chitng minh riing di€u kién (C-R)
trong toa do cuc cia f(z) c6 dang

0 u_lﬁ v
or rd o R Y 2 N2
dv_ 17 u vafiz)=e (a r ey
or ro @
Bai 3.10 Xét tinh gidi tich clia cdc ham s6 sau day :
a) f(z) = z b) f(z) = 2.7 o)f(z) = z.Imz
1y, - ~ i, 1 -
d) f(Z)_E(Z +zz) e) f(Z)_2Z+Z(Z+Z)2+Z(Z_Z)2

Bai3.11 Choham s6 f(z) = i(l—i)(zz +z_2)+%(1+ i)e.2+iz

a) Tim qui tich nhitng di€m z trong mit phang phitc ma tai d6 f(z) c6 dao ham.
b) Tinh cdc dao ham £’ (1+1) ;' (1-1).
c¢) Tim tdp hop cdc diém trong mit phing phitc ma f(z) gidi tich.
Bai 3.12 Cho ham f(z) = xy” + ix’y .
a) Tim tip hdp cic diém ma f(z) thda di€u kién Cauchy-Riemann .
b) Tim tap hop cdc di€m ma f(z) kha vi.
¢) Tim tap hdp cidc di€m ma f(z) gidi tich.

Bai 3.13

a) Tim tap hgp cdc diém z trong mit phing phic ma tai d6 ham

f(z)=z> +izz —iz ¢6 dao ham. Tinh dao ham (i), £’(1).

b) Tim ham gidi tich f(z)=u(x, y)+iv(x, y)bi€t u = e+ y* — x* + 2xy
Bii 3.14 Chtng minh riing haim f(z) = Rez = x khong c6 dao ham & bat ky di€m
nao clia mit phang phic.
Bai 3.15 Cho D 13 mot mién. Ching minh riing n€u ham hai bi€n f(x,y) thda
of of

™ =0, ~ =0, V(x,y) €D thi thi f(x,y) 1a hiing s6 trén mién D.
X Y

Két qua bai 3.15 duoc dp dung vao cdc bai 1.16, 3.17, 3.18.

Bai 3.16 Chirng minh ring néu ham f(z) gidi tich va thuc trong mién D thi f(z) 1a
hiing s6 trong D .
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Bai 3.17 Chitng minh ring né&u f(z) gidi tich trong mién D va f'(z) =0, Vze D thi
f(z) 1a hiing s6 trong D.
Bai 3.18 Chitng minh ring néu f(z) va f(z) ciing gidi tich trén mién D thi f(z) 12
hiing s6 trén D.
Bai 3.19 Gid st ham gidi tich w = f(z2)=u(x,y)+iv(x,y) bié€n mién D trong mit
phing z thinh mién D’ trong mit phing W. Goi S 13 dién tich mién D’. Trong tich
phan kép ta da biét: S= [[ dudv= [[dxdy v6i J=mirV)

D' D

D(x,y)
Chitng minh ring : S = mf '(z)|2dxdy
D

Bai 3.20 Chitng minh qui tic L’Hospital cho ham gidi tich:
Néu f(z) va g(z) 12 cdc ham gidi tich trong mién chita diém z, , f(z,) = g(z,) = 0 va
2°(z,) #0 thi: lim @ _ f'(zo) .

z—7.82) g(z,)

Bai 3.21 Cho u, v 12 hai ham di€u hoa lién hgp trong mién D.
a) Chirng minh ring cdc cip (v, -u), ( -v, u) ciing 1a cdc cip ham di€u hoa lién hop
trong mién D.
b) Cip (v, u) ¢6 1a cip ham di€u hoa lién hgp trong mién D khong?
Bai 3.22 Cho ham phtc f(z)=(z-32-2i)Rez
a) Tim tAp hdp cic di€m trong mit phang phitc ma him s6 ¢6 dao ham.
b) Tim tiap hop cdc di€m trong mit phing phiic ma ham sd gidi tich.
Bai 3.23 Cho ham phitc f(z) = (6 ++2i.z—3i)Imz
a) Tim tip hdp cic di€m trong mit phing phitc ma him s ¢6 dao ham.
b) Tim tiap hop cdc di€m trong mit phing phiic ma ham sd gidi tich.
Bai 3.24
a) Tim ham gidi tich f(z) = u+iv bi€t phan thuc u =12xy + 6x+3, f(0) = 3+2i
b) Tim ham gidi tich f(z) = u+iv bi€t phan do v=4xy+8x+1,f(0) = 6 +i

2. y?-2x, v=2xy -2y la cdc ham diéu hoa lién

Bai 3.25 Ching minh ring u = x
hgp cuiia nhau.

Bai 3.26 Ung v6i mdi ham s6 sau day, tinh dao ham ctia ham s6 tai cdc di€m ma
ham s6 c¢6 dao ham va chi ra tip cdc di€m ma ham sd gidi tich.

a) F(2)=20" —7° b) (2) = 22 ‘j ¢) f(2) = (22 +3i)e™™ d) f(2) = ch(3iz) + 2isin* (7iz)
7’ +
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Chuong 4

TiCH PHAN HAM BIEN PHUC

Trong chuong nay, ban sé hoc
¢ Khd4i niém tich phan dudng ctia ham bién phiic.
Tich phan Cauchy cho mién don lién, da lién.
Nguyén ham va tich phin bat dinh.

L4

L4

¢ CoOng thic Newton-Leibnitz.

¢ Dao ham cdp cao cia ham gidi tich, cdng thitc tich phan Cauchy.
*

Bit ding thitc Cauchy.

1. Tich phén duong ciia ham bién phiic
1.1. Dinh nghia

Cho ham phiic f(z) xdc dinh trén dudng cong C c¢6 di€m diu 1a a, di€m cudi 1a b.
Chia tlly ¥ dudng cong C thanh n cung nhd khong dim I&én nhau bdi cdc di€m chia a

A 7\" /\/' M '/(’ ~ /\/ N e A '/(’ N
= Z¢, Z1, ...., Zn = b. Trén moO1 cung ndi hai di€m z, ; va 7z, ta lay tuy y mot di€m t, va
A 2 , A
lap tong tich phan:

n
f(t)Az; + f(tr)) Az, + ... + f(t)Az, = Z f(t)Az, , V61 Azy =7y - 7 4
k=1

Hinh 4.1

n
N&u khi max|Az| — 0 ma tdng » f(t,)Az, din d€n mdt s§ phic hitu han I, khong
k=1
phu thudc vao cich chia dudng C va cich 18y cdc di€m trung gian t, , thi I dudc goi
1a tich phin dudng cia hAm f(z) doc theo dudng cong C hudng tir a dén b.
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Ky hiéu j f(z)dz.
C

jf(z)dz: lim an(tk)Azk 4.1)
C

max‘Azk —0 k=1

Khi d6 ham f(z) goila kha tich trén C.
* Chii y: Ky hiéu §f(z)dz d€ chi tich phan doc dudng cong kin C ( thudng IdYy
C

theo chiéu duong; titc 1 chiéu ma khi di theo chiéu d6, ta ludén nhin thdy mién bao

bdi C gan ta nhat & vé phia bén trai).

1.2. Diéu ki¢n ton tai

¢ DPudng cong C ¢6 phuong trinh tham s 12 x = x(t), y = y(t) ,v6ia—L— 8, dugc
goi 1a tron néu tai moi diém thudc khoang d6 cac dao ham x’(t) va y’(t) ton tai
va khong ddng thdi bing khong. N6i cach khic, dudng cong C goi la tron néu
né c6 ti€p tuyé&n bi€n thién lién tuc.

¢ Pudng cong C goi la dudng tron tirng khiic néu né c6 thé chia ra thanh hitu han
cung tron. Vay moi dudng cong tron thi tron tung khic.

k Pinh Iy vé diéu kién ton tai

Néu C 1a dudng cong tron hodc tron tirng khiic va f(z) lién tuc trén C thi ton tai
tich phan j f(z)dz.

C
1.3.Cdc tinh chat

Cho a, bla cdc hing s6 phtc

) j [ af(z)+bg(z) dz=a j f(z)dz+b j g(z)dz
C C C

(ii) Né&u dudng cong C dugc chia thanh hai phan C, , C, khong dim 1én nhau thi
j f(z)dz = j f(z)dz + j f(z)dz
C Cy C2

(iii) N&u d6i chiéu dudng 14y tich phan thi tich phan dudng d6i ddu. Tic 1a :
I f(z)dz=— '[ f(2)dz; trong 46 C' ngugc chiéu véi C.
C c-!

(v) | [f(2)d7 <| [[f(z)dz| < ML
C C

trong 36 M =max{| f(z)|:z e C} va L1a 4o dai dudng cong C.
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Trong céc tinh chat trén, ta gid thi€t ring cdc ham sd dudi diu tich phan kha tich
trén dudng 14y tich phan tuong Gng.

1.4.Cach tinh

¢ V6iz=x+y,dz=dx +idy, f(z) =u + iv = u(x,y) + 1v(X,y)

If(z)dz = I udx —vdy +1 Ivdx + udy 4.2)
C C C

¢ N&uC={z| z=x+iy=x(t) +iy(t), a—t— 3} thi

B
jf(z)dz = _[f[z(t)]z’(t)dt (4.3)
C a

Chi y Xem lai cach tinh tich phdn dudng loai 2.

Vidud4.1 Tinh I, = §>( az R v6i C: |z-zo| =1, n 12 sd nguyén.
clz—2,
Giai
A N
" Zzzo4ret
X
Z, Y
C
X
O
Hinh 4.2

Tham s8 dudng cong C: z =1z, +re" v6i 0 —>2m, dz=ire" dt
2 . it 2m. _ —nit
dz ire " dt ie
L= f§ T J. nt_(nDit ;dt

T
2n
¢ n=0:1,= jidtzzni.
0

—nit 2n
n =0
—nr

e
0

¢ nz0:I,=
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Vi I __§ dz _ 27 , n=0 *
H " la-z)™ 0, n#0

Vidu4.2 Tinh tich phin [zdz véila dudng nditit z=0 dén z = 4+2i trong cdc
C
trudng hop sau:

a) C 1a dudng x = y*.

b) C 1a dudng gap khic tir 0 d&n 2i; rdi tir 2i d&€n 4 +2i.
Giai

A B
2i . 442i
A X=y é

Hinh 4.3

a)Piaty=t=>x=t?v6i 0—2.SuyraC:z=+it, 0—->2,dz = (2t+i)dt

2 2 .
jzdz: j(t2 —it)(2t+i)dt:j(2t3 —it? +t)dt=10 8
C 0 0 3
b) I;dz = I;dz+ Igdz
C 0A AB
x=0 .= )
¢ Doan OA: ,2=0+1y, z=-1y,dz=1dy
0—L>2

B 2 2
[zdz = [(-iy)idy = [ydy =2
0A 0 0

y=2

X

z= x+i2, z=x—-i2, dz = dx
0——4

¢ Doan AB: {

jEdz = ]E(x—iZ)dx: 8 -8i

AB 0
Vay jidz = jEdz+ jZdz = 10-8i. .
C 0A AB

2. Bé dé Green
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Né&u D 13 mién don lién hoic da lién bi chin véi bién 13 dudng cong C tron (hoic

oP 0Q

tron tirng khic) va néu P(x,y), Q(x,y), a—,a— lién tuc trén mién kin D thi ta c¢6
y OX

cong thitc Green

0Q 0P
i Pdx+Qdy = g(& - a—dexdy

trong d6 tich phan dudng & vé trdi 14y theo chiéu duong cia C.

e Chii thich Chiéu duong la chiéu ma khi di doc C theo chiéu dé sé& thAy mién D ké
phia bén trai.

//

&
Hinh 4.4a
Mién don lién bi chin D vé6i bién la Hinh 4.4b
dudng cong C. Mién da lién bi chin D vé6i bién 1a

dudng cong C = C, UCu......LUC,, .
B& dé Green dugc 4p dung d€ chitng minh dinh 1y Cauchy sau day.
3. Dinh ly 4.1 ( dinhly Cauchy)

Né&u D 1a mién don lién hodc da lién bi chin vdi bién 12 dudng cong C tron ( hoic
tron tirng khiic) va n€u f(z) gidi tich va f'(z) lién tuc bén trong va trén bién clia D
thi

§ f(2)dz=0 (4.4)

trong d6 chiéu di trén C la chiéu duong.
Chiing minh
T (4.2), 4p dung bd dé Green va diéu kién (C-R) ta c6

. ov Ou .ff[Ou O
if(z)dz: acfudx—vdy +1£vdx+udy = g(—&—g xdy+1g(§—a—;)dxdy:0.

e Cha thich
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Goursat ching minh riing dinh Iy ndy vin ding ma khong can gid thiét f'(z)lién
tuc. Vi thé, dang tdng quat ctia dinh 1y nay con goi 13 dinh 1y Cauchy-Goursat.

*k Hé qua 1

N&u ham f(z) gidi tich trong mién bi chin D c6 bién bao gdm cic dudng cong Cy,
Cy, C,........ ,C, khong thong nhau va Cybao Cy, C,,........ ,C, thi

j? f(z)dz = § f(z)dz + ff f(2)dz +...+ 38 f(z)dz 4.5)
C, C, C, C,
trong d6 chiéu di trén Cy, Cy, Co,........ ,C, hoic dong thoi cung chiéu kim dong ho ,

hoic dong thoi ngugc chiéu kim dong ho.

Hinh 4.5 a

k Hé qua 2
N&u ham f(z) gidi tich trong mién don lién D va C la dudng cong kin tron titng
khiic bat ky thuoc D thi § f(2)dz=0.

C

=

Hinh 4.6
Vidu4.3
a) Ham f(z) = e” gidi tich trén toan mit phing nén véi C 1a dudng cong kin bat ky
trong mit phiang ta c6 :fezdz =0.
C

b) Véi C 1a dudng cong kin bat ky trong mit phing khong di qua va khong bao bat

ky di€m nao trong trong hai di€m + i thi it; 2e dz=0. L 2

ez +1
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* Hé qud 3
Né&u ham f(z) gidi tich trong mié€n don lién D va C;, C, 13 hai dudng cong bat ky
trong D c6 cung diém dau va diém cudi thi _[f(z)dz = If(z)dz.

G C;

Hinh 4.7
* Chi y Heé qua 2 va hé qua 3 khdng ding n€u mién D da lién.

4. Nguyén ham va tich phén bdt dinh
4.1. Dinh I

Néu F(z) va G(z) 1a hai hAm s6 c¢6 dao ham trén mién D va F'(2)=G'(2),VzeD thi
G(z)=F(2)+ K, v6i K 12 hiing s6 ty y.

Chitng minh
T4 c6: (G(z) - F(2))=G'(z) - F'(z)=0,vze D
Suyra G(z)-F(z)=K, VzeD (xem baitip 3.17)
Vay G(2)=F(2)+K,vzeD.
4.2. Dinh nghia nguyén ham va tich phan bdt dinh

Ham F(z) goila nguyén ham ctia f(z) trong mién D néu
F'(z)=1(2), VzeD

Khi d6, F(z)+K vé6i K 12 hiing sd phic ty ¥, ciing 1a nguyén ham cta f(z), va goi
12 ho nguyén ham hay tich phdn bédt dinh cia ham s6 f(z) trén mién D, ky hiéu

[ f(2)dz.
Vay F'()=f(2) thi [ f(2)dz = F()+K  (4.6), v6i K 1a hiings6 phic thy y.

4.3. Dinh ly 4.3
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Né&u ham f(z) gidi tich trong mién don lién D va z,, z 1An lugt 12 di€m c& dinh va
z

diém chay trong D thi ham F(z)= _[ f(t)dt 1a mot nguyén ham cta f(z) trén D.
ZO

Vidu 4.4

a) (z2 +4sinz)’ = 2z + 4cosz nén I(Zz +4cosz)dz = z* + 4sinz + K

b) (a”)’ =a’lna nén '[azdz _2
Ina

+ K 2

5- Cong thiic Newton - Leibnitz

Néu F(z)la mdt nguyén ham ndo d6 cda ham gidi tich f(z) trong mién don lién D
thi Va, b € D ta c6 cong thitc Newton - Leibnitz.

b b
[f(z)dz = F(b) - F(a)= F(z) 4.7)
a a

% Chui y: Céc tinh chat tich phan, bing cdc tich phan cd ban, cdc phuong phdp doi
bi€n s& va tich phan titng phan ca ham thuc vin ddng ddi véi tich phdn ham phiic
(Piéu kién: Ham gidi tich trén mién don lién).

1+i 1+

Vidu 4.5 Tinh céc tich phan: a) [(z+2)e”dz b) [(z-1)*zdz
0 1
1+i . iz [ 1 i(1+) 1w
a) j(z+2)e“dz= z+2)S +ije12dz= (i+3)S— —3 +el? =
0 1 0 0 1 1 0
i(1+i) o o i(1+1)
= ((i+3)e : —3] F el it 36 oy
1 1 1
b) Pitt=z-1
1+i i i t21 t22 1 i -1
J.(z—l)zozdz = jt2°(1+t)dt: j(t20+t21)dt: | = —+—
1 . . 21 22 |, 21 22

6. Cong thiic tich phan Cauchy, dao ham cdp cao ciia ham gidi tich
6.1. Dinh I 4.4

Né&u ham f(z) gidi tich bén trong va trén bién C clia mién don lién D , bién C tron
tirng khic, thi tai mot di€m a bat ky bén trong D ham f(z) c6 dao ham moi cAp va
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R 1 f(z)dz
f (a)—z—ﬂiiﬁm n=012.3, .. (4.8)

C

trong d6 chiéu di trén C la chiéu duong.
* Qui udc: o! = 1, fVa) = f(a).

Hinh 4.8
6.2. Y nghia
*k N€u ham f(z) gidi tich tai z thi né ¢c6 dao ham moi cip va cdc dao ham d6 ciing
giai tich tai z.
*k N&u ham f(z) gidi tich trén mién kin don lién bi chin D véi bién 1a C, a 1a diém
trong cia D thi ta ¢6 cong thiic:

{) f(z)dz =2_7zi £ ()
2(z-a)"™ n n=0,1,2,3...... (4.9)
Vidu4.6 Apdung (4.9)tacé:
3z : )
a) ez __ 2M 4n i (fz)=¢e* , a=i)
s (2 "™ !
3z - 6 - 6 3z
e "dz 2mie”  mie e
b) (z—2)22_ o4 2 (f(z) = > ,a=2,n=0)
‘2—2‘=1
e3z
dz . 3
e’’dz -2 =7 —Tn e’
© (2—2)22=§ : 22) =2m 4 - 2 (fz)= _2,a=0,n=1)
|2]=1 |2J=1 z

6.3.Bdt dding thitc Cauchy
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Gid s¢ D 1a mot mién c6 bién la dudng cong C, f(z) 1a ham gii tich trén D , M 1a
gid tri 16n nhat cua ‘ f(z) ‘ trén miénD, R 12 khodng c4ch tir di€m z, €D dén bién C
cua D, L 1a @6 dai cua C thi

e f IML
f“’)(zo)\sijildz < (4.10)
27 C(z—zo)n+ 27R™
Néu D 1a hinh tron |z - zg| <R thi L = 2nR va
Mn!
£ (zy)| < R? n=0,1,2, ... 4.11)

Bat ding thitc (4.11) goi 1a bat ding thi Cauchy.
7. Dinh ly Louville

Né&u ham f(z) gidi tich va bi chin trong toan mit phing thi né 12 ham hing.

BAI TAP
Baid4.1 TinhI= .”Z| Im zdz néu :
C

a) Cla doan thazmg noi hai di€m -i va i.
b) C 12 nita trdi dudng tron don vi ndi tir di€m -i dén i.
b) C 12 nita phdi dudng tron don vi noi tir di€m -i dén i.

Bai4.2 TinhI= [|zdz néu:
C

a) Cla doan th:fmg no6i hai diém -1 va 1.
b) C la nta trén dudng tron don vi ndi tir di€m -1 dén 1.
b) C 1a nira dudi dudng tron don vi ndi tir di€m -1 dénl.
i
Bai 4.3 Tinh Izdz doc theo mdi dudng sau:
1
a) Doc theo truc 0x dén 0, rdi doc theo truc Oy dén i.
b) Doc theo dudngy =1 — x.
¢) Doc theo dudng thing ding dé&n (1+i) , rdi doc theo dudng ngang dén i.

22

z-2i

dz

Baid.d4 Tinhl, = §>
Ck

a)Cy:lz|=5 b) C,:z| =1
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dz

Baid4.5 TinhI= {———dz
z°+9
c
a)C:z-2i|=2
Bai 4.6
a) Tinh tich phan f e’dz
-27+2)
z
b) Tinh tich phan A = § — 9%
C Z2(Z2 +4)

Bai 4.7 Tinh cédc tich phan

1+

a) j'(z +2i)e¥dz

Bai 4.8 Tinh cdc tich phan

D) §———; C:lz-i|=4

IE M)

)iﬁsinﬂzz-{-COSﬂZz dz ;C:lz =2
(z-1)(z-3) S
; Cilz-2]=
)§(z 1)(z+1)2 2 -2]
7%dz
:C: =2
)ﬁ;(z +1)(z +3)? 2]
z%dz
9)§z +4
c

b) '[z sin zdz

b) C :z +2i| = ~
2

, v6i Cla dudng tron |z -i| =2

, v6i C la dudng tron | z -2 i| = 3.

1

dz
© I (241

d) f(6iz +3)sin(iz)dz

2) {)LZdz;t>0,C:|Z|:
c(Z2 +lj

4)§e dz .C:lz =3
6)§>COS tzdz C:lz=1,t>0.
c
. TZ
sin—
8) §2—4le, C: xX*+y-2x=0
cZ —

; C la bién cua hinh vudng c¢6 cdc dinh 1a : £ 2, + 2 + 4.

Bai 4.9 Cho t>0 va C la dudng cong don déng bat ky bao di€ém z = -1. Chiting minh

B ze”dz ( tzj L
ring : =|t——]e
2n1c(z+1) 2

(z+1)dz

Bai 4.10 Tinh cdc tich phan: A = J.
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1

Bai4.11 Tinh tich phan | :§

3 (<12 (-1— 53— (3.
la (-1:2), (-15=), (35=) . (3:2).

Bai 4.12 Tinh cdc tich phan:
28”7 dz

|z+4i|=2 (Z - 1)2

a)

(22 +e3%)dz

c)
|2-3i|=3 (Z - 3)2

Bai 4.13 Tinh cdc tich phan:

2(2-2)°(2° +))

_ dz
2 A= §2(22+4)(z+1)2

‘z+i‘=

C) I= i; dz
‘z—z—zi‘:
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5 (22 +4)(z-2)

dz v6i C 1a bién cta hinh chit nhat ¢ cac dinh

b) 6z +e°2dz
|2-2i|=6 (2—1)2
d) (72 +e%)dz
|2-4/=2 (2—3)2
HB= § — az :
‘z+2‘:2(z +1)(z+3)
22+62iz
d)J= - dz
z+ji;=5 (2_2)2
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Chuong 5

CHUOI HAM BIEN PHUC
Trong chuong nay, ban sé hoc
¢ Chudi sd phiic.
Chudi ham bi&n phiic, mién hoi tu chudi ham phic.

L4
¢ Chudi liiy thira phitc, cach tim b4n kinh hdi tu va hinh tron hoi tu.
¢ Chudi Taylor, chudi Maclaurin.

¢

Chudi Laurent, di€ém bat thudng c6 1ap clia ham gidi tich. Phan loai
di€ém bat thudng cd 1ap.

$ 1.CHUOI SO PHUC

Khdi niém chudi s6 phitc tuong tu chudi s6 thuc .
1.1- Dinh nghia
¢ Cho diy s6 phifc uy, uy, ..., Uy, ... Khi d6 chudi sd

o0

U, = U+ Uy + ..ot Uy + ... (5.1)
n=1
goi 1a chudi sd phic.
¢ T6ng ns6 hang dAutién: S, =u; + U + ...... +u, dudc goi 1a tong riéng thid n

ciia chudi.
¢ Né&u diy {S,} c6 gidi han hitu han 13 S thi ta néi chudi (5.1) hdi tu va c6 tdng
la S.

¢ Né&uday {S,} c6 gidi han biing o hoic khong tdn tai thi ta n6i chudi (5.1) phan
ky.
1.2- Binh Ij 5.1

o0 o0 o0 o0
Néuu, = a, +ib, thi Y u, = > a,+i Db, . Khi d6 chudi phic D u, hoitu va cé
n=1 n=1 n=1 n=1

o0 o0
tong1a S = a + if khi va chi khi hai chudi thuc Da,, > b, hoitu va c6 tdng lan
n=1 n=I
lugtla o, va B.
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Vay viéc khdo sat sy hoi tu ctia chudi s6 phic dugc dua vé viéc khio sit sy hdi tu
cta hai chudi sd thuc.

00 in
Vidu 5.1 Khio st sy hi tu céia chudi > -
n=1 nvn
Giai
0 e cosn+isinn _ osn X, sinn
Theo cong thic Euler ta c6: _
¢ nZ nvn ngl nvn g nvn ngl nvn
cosn 1 X 1 L, cos
Ma <—— va —_— h01 tu tuyét doi.
el D iy g My ¥

o0
Tuong tu chudi Z

nln\/_

ciing hoi tu tuyét doi.

0
Suy ra chudi
ngl n\/ﬁ

hdi tu. 2

1.3- Dinh Iy 5.2 (tiéu chudn hoi tu tuyét doi)

o0 o0 o0
N&u chudi cdc modun Y |u,| hoi tu thi chudi » u, hoi tu. Khi d6 chudi > u, goi
n=1 n=1 n=1

12 hoi tu tuyét doi.

00 __1\n
Vidu 5.2 Khdo sdt sy hoi tu ca chudi ). u,v(ji z—1<4.
n=1 4n.n\/H
Ta c6 _“Z_l‘n‘s Y L 6imoizthda |z-1|<4.
‘4“.n\/ﬁ‘ 4 n\/ﬁ‘ 4"nvn nvn '
Ma Z h01tu:> z (-7 hoi tu = Z (z-1)" hoi tu. .
nlnn n=1 14" n14nn\/_
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§ 2.CHUOI HAM PHUC

2.1.Dinh nghia
_ o0
¢ Chudi > u,(2) =ui(z) +ux(2) + ...... + U (Z) F e (5.2)
n=1

trong d6 cdc sd hang u,(z) 12 cdc ham bi&€n phifc don tri c6 cing mién x4c dinh nao
dé , goila chudi ham phiic.

¢ Téng S.(z) = uy(z) + ux(z) +...+ uy(z) 1a téng riéng cda thi n chia chudi ham
(5.2).

¢ Taimdi diém cd dinh z = z,, chudi (5.2) trd thanh chudi s6 phic
o0
DU, (Zy) = ui(Zo) + ux(2o) + ... +un(Zp) + ... (5.2)
n=1

¢ Né&u chudi (5.2°) hoi tu thi di€m z, goi 1 di€m hoi tu clia chudi ham (5.2). Tap
hdp ti't cd cdc di€m hoi tu goi 12 mién hoi tu clia chudi ham (5.2). Trong mién
hdi tu d6 néu gidi han
lim S, (2)=f(z)
N—co
thi ham f(z) dudc goi 12 téng cda chudi (5.2).

R6 rang ham f(z) x4c dinh trong toan mién hdi ty ctia (5.2) va ta viét
o0
f(z) = > u,(2)
n=1

Khi d6 Ry(z) = f(z) - Sn(z) dudc goi 1a phin du thit n clia chudi ham (5.2). Tai moi z

thuoc mién hoi tu ciia chudi ham (5.2) thi lim R,(2)=0
nN—o0

¢ No6i cdch khdc chudi ham (5.2) hoi tu trong mién D khi va chi khi : Vz € D va
Ve >0 cho trudc, tdn tai s6 N(g,z) sao cho Vn > N(g,z) ta c6 | f(z) - Su(z)| < &.

¢ Trong d6 trudng hop s6 N(g,z) khong phu thudc vao z chay trong D ma chi phu
thudc vao g, tifc 12 N(g,z) = N(g) , thi ta néi chudi ham (5.2) hoi tu déu trong
mién D. Tiéu chuin duéi day ta c6 di€u kién di d€ mot chudi ham hoi tu déu
trong mot mién nao dé.

2.2- Tiéu chudn Weierstrass.
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0 0
Néu | uy(z) | < a,, Yz € D va chudi s8 dudng ) a, hoi tu thi chudi ham > u,(2)
n=1 n=1

hoi tu déu trén mién D.
2.3 - Pinh Iy 5.3 ( tinh chat chudi ham hoi tu déu)

0.8
Gia st chudi ham Zun(z) hdi tu déu vé ham f(z) trén mién D; nghia 1a
n=1

f(z) =D u,(2
n=1

Khi d6 ta co:
(i) N&u cdc sd hang u,(z) lién tuc trén mién D thi ham f(z) lién tuc trén D.

o0
(ii) Néu ham ¢(z) bi chin (theo mddun) trén mién D thi chudi ) u,(z).¢(z) ciing
n=1

hoi tu déu trén D.

(iii) N&u cdc sd hang u,(z) lién tuc trén mién D thi ta c6 thé 13y tich phan titng s&
hang cta chudi doc theo mdt dudng cong C tron tirng khiic bat ky nim trong D; tifc
la

jf(z)dz: % J-un(z)dz: [ u(2)dz+ j u, (2)dz + ... + jun(z)dz+ ........
C n=1 C C C C

(iv) Néu cdc s6 hang u,(z) gidi tich trong mién D thi f(z) ciing gidi tich trén mién D

o0
va ta c6: f92) = > ul(@2) =u (@) + U (2)+.....+u{ (2)+...... hon nita chudi cdc dao

n=1
< w N
ham cipk 1a > ul(z) ciing hoi tu déu trong D.
n=1
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$3. CHUOI LUY THUA

3.1. Pinh nghia Chudi liiy thira 1a chudi c6 dang
o0
Zan(z—a)n=a0 +aj(z—a)+ay(z—a)’ +....+a,(z—a)" +..... (5.3)
n=0
trong d6 a va a, 1a cdc hing s6 phiic.
Néu dit Z = z - a thi chudi (5.3) c6 thé viét lai dudi dang chinh tic
o0
YayZ" =a, +a,Z+2,Z% 4t 2, Z" + o (5.3%)
n=0
3.2- Tiéu chudn Abel
7 ~ Va w 2
N€u chudi liiy thira dang chinh tac Zanzn (5.3’) hoéitutai diém z; #0 thind

n=0
hdi ty tuyét ddi trong hinh tron | z | < | z;| va hoi tu déu trong moi hinh tron

|z|<r v61 O<r<|z| (Hinh35.1)

ah
N

Hinh 5.1 Hinh 5.2

* Hé qua

o0
i) Né&u chudi liiy thira dang chinh tic > a,z" (5.3") phéan ky tai z, thi né phan
n=0
ky tai moi di€m ctia mién |z | >| z,|.( Hinh 5.2)
ii) Ton tai duy nhat s& R >0 sao cho chudi (5.3’) hoi tu tai moi diém bén trong
hinh tron |z | <R va phéan ky tai moi di€ém bén ngoai hinh tron. ( hinh 5.3)
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Khi d6 s6 R goi 1a bdn kinh hdi tu va hinh trdn | z | <R goi 1a hinh tron hoi tu cla
chudi (5.3’). Tai nhitng diém trén dudng tron |z | = R chudi c6 thé hoi tu hoic phan
ky

Ary

Z2

¥

<
N

Hinh 5.3
B4n kinh hoi tu ctia chudi (5.3) bing ban kinh hoi tu clia chudi (5.3’), hinh tron hoi
tu cda chudi (5.3) 12 hinh tron |z - a| <R.
3.3. Cdch tim ban kinh héi tu va hinh tron hoi tu
Cong thitc tim ban kinh hoi tu clia chudi trong trudng hop a, # 0, Vn > N, ¢6 dinh
la:

4y

hoic R= lim

1
5 o]

R= lim
n—>oo

An41

¢ Ban kinh hoi tu ctia chudi (5.3%) va chudi (5.3) 1a R.

¢ Hinh tron hoi tu ctia chudi (5.3°)1a |z |<R.

¢ Hinh tron hoi tu ctia chudi (5.3)1a |z- a|<R..

Néu R = 0 thi chudi (5.3”) chi hoitutaiz=0, chudi (5.3)chi hoitutaiz=a.N&u
R = oo thi hdi tu tai moi z.

PE€ tim ban hinh hdi tu va hinh tron hoi tu ctia chudi (5.3) ta con 4p dung tiéu chuin

a,(z—a)"

o0
D’ Alembert hodc Cauchy cho chudi s6 duong >’
n=0

Vi du 5.3 Tim ban kinh hoi tu va hinh tron hoi tu chudi lug thira: ZM%D

n=1
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n—oof q 4
n

oo (n+1)°4"

n+l
Béan kinh hoi tu: R = hm = lim o 3 =
n—o a n—»o 3“ n+1
Hinh tron hoi tu: ‘Z - 1‘ <3 *
Vidu 5.4 Tim mién hoi tu chudi Iy thira 322
S (m+1)4"
Giai
n+l
Bin kinh hoi tu: R = lim| L ‘_1 (n+2)74™ _,

Hinh tron hoi tu: ‘Z + 2‘ <4

2" g
Trén dudng tron |z +2|=4 tac Z%( (Z++2§)4n | :Z; ( |Z++1) |4n = Z; (n-:l) hoi tu.
Vay mién hdi ty chudi ham la: |z+2|<4 .

3.4. Tinh chét chudi liy thira

i) Tdng cda chudi lily thira 12 ham gidi tich bén trong hinh tron hdi tu clia
chudi.

ii) C6 thé 14y dao ham tirng s6 hang cta chudi liiy thira bén trong hinh tron hoi
tu clia chudi. Chudi mdi c6 dugc ciing la chudi liiy thira ¢6 cling ban kinh hoi
tu v6i chudi ban dau.

iii) C6 thé 13y tich phan tirng s& hang cta chudi liiy thita bén trong hinh tron hoi
tu ctia chudi. Chudi mdi c6 dudc ciing 1a chudi lily thira c6 cuing ban kinh hoi
tu v6i chudi ban dau.

BAI TAP
Bai 5.1 Tim b4n kinh hoi tu va hinh tron hoi tu ctia cdc chudi sau:
2 (-D)"(z-1-1)" z n(z-3i)"
n=1 n n=l1 3
d) > 4n(z-1)" &) Sn(z-iy’ S e @+iy
n=l1 n=1 n=l
Bai 5.2 Tim mién hoi tu cda cic chudi sau:
n_2n+l 0
Z (2-2i)" Z( D"z & Sa
“(n+1)*4" (2n + ~
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$4. CHUOI TAYLOR- CHUOI MACLAURIN

¢ Gia st chudi liiy thira ian(z —a)" ¢6 ban kinh hdi tu 1a R # 0. Khi d6 theo dinh
n=0
ly Abel chudi hdi tu déu trong moi hinh tron kin |z - a] <r < R. Vi mdi s6 hang
ctia mot chudi lily thira 12 mdt ham gidi tich nén theo (iv) cla dinh 1y 5.3 § phin
(2.3) tong f(z) cia chudi 12 mot ham gidi tich trong mién hoi tu clia chudi.
¢ Nguoc lai n€u cho trude mdt ham f(z) gidi tich trén hinh tron |z - a| < R thi vdn
dé ditra1a ham f(z) c6 thé khai ti€n thanh chudi lily thira ctia (z - a) trén hinh

tron d6 khong?
4.1. Dinh ly 5.4

Néu ham f(z) gidi tich trong hinh tron |z - a| < R thi v6i moi z trong hinh tron d6 ta

co:

ZOO £ (a) . Z"O 1 f(t)dt .
f = — = . —

Trong d6 C la dudng tron |z - aj]<r vdir<R.

Hinh 5.4

¢ Chudi (5.4) dugc goi la chudi Taylor ctia ham f(z) tai a. Ngudi ta cling chiing
minh dudc khai tri€n f(z) thanh chudi lily thira clia (z - a) & (5.4) 1a duy nhat.

¢ Khi a = 0 thi chudi Taylor goi la chudi Maclaurin clia ham f(z).

= § 1O, 1 o,

. n+l
n=0 n! n=0 27Z'IC t

Vidu5.5 Véihamf(z)=e” thi f™(z)=e*,Vz va f™(a)=e*. Suyra

& e’ e .
¢ f(z)=¢"= Z —'(z —a)" 1a khai trién Taylor ctia hAm sd tai a.
n=0 ™
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& z" . .
¢ Véia=0thi e’= > — lakhaiwi€n Maclaurin cia ham sG. .
n:
n=0

4.2. Khai trién Maclaurin ciia mét s6 ham so cdp co bdn

Z2 Zn 0 Zn
De'=1l4+z+"—+..+> +... = > =, vzeC.
2! n! n!
n=0
2 4 6 2n o0 2n
@cosz=1-2+ 2 2 4 (D" —t.= Y (D" ——, Vze C.
2! ! ! n)! (2n)!

o0
Z3 5 Z7 2n+1 2n+1

@sinz=z- —+—-—-"—+....... + (=2 + = _pn 2
3! 5! 7! D 2n+1)! Z( )

@ (142)* = 1+ oz + —F—ZLz°+.... + " +....=

, Vo1

z| <1, o la s6 phitic va chon 1“=1. N€ua =k Ia

s0 tu nhién 1a chudi trd thanh da thirc bac k clia z va hdi tu tai moi z.
1 e 0]
® — =1+4+2+27 + .o +Z = »z",v6i|z|<1

®

o0
=l-z+2°-2°+..... +C-D"Z2"+....=
l+z D g

2 Z3 4

n o0 n
@In(l4z)=z-—+2 2 4 . _pehZ_ = ™2 veilz|< 1.
n( Z)ZZ+3 4+ + (=1 n+ Zzll() rlV1|z|
4.3.Phuong phdp khai trién ham s6 thanh chudi liiy thita

Chiing ta thuong diing cdc phuong phdp sau ddy va phdi hop lai dé khai trién ham s6
thanh chudi.

©® Ap dung cong thitc Taylor va Maclaurin.

® Ap dung cic khai trién cd ban.

® DOJi bién.

@ Ap dung tinh chdt dao ham va tich phan chudi lily thira.

Vidu 5.6

a) Khai trién ham f(z) = . thanh chudi lily thira clia (z-3i).
-z

2 2_ X . 2
b) Khai tri€n ham f(z) = e ~***3 thanh chudi liiy thita cda (z-2).
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¢) Khai trién ham f(z) =

4 BN R 1~ N bl
> thanh chuoi lay thtra cua z.

4+z
< : ) 1 1 1
a) Pitu=1z-31 = z=3i+u = f(z) = - = - . Suy sa
1-3i—u 1-3i 1- u
1-3i
1 & u ' u
f(z) = vGi <1.
(2) = 1- 3[12(1 3ij 1-3i
Vay f2)=—— ! Z(Z 30" i

( )+1

§ 29 1 21 &
b) Pitu=z2=z=u+2 = f(z)=e =—e"=— ) ,Vu.
€ e n!
n=0
2 0 2n
Vay f(z)= e” 4= 1 3 =27
e n!
—0
7 7 2n+1
O fr)= =" —Z() Vil <2. .

4.4- Khong diém ciia ham gidi tich
4.4.1- Dinh nghia

¢ Cho w = f(z) 12 mot ham gidi tich trén mién D. Piém z, € D dugc goi 12 khong
di€m cap m cla f(z) néu f(z) = (z -2))"p(z), Vi @(zo) #0

Khi m = 1 thi z, dugc goi 1a khong di€m don ctia ham f(z).

¢ Vi f(z) gidi tich tai zy nén @(z) cling gidi tich tai z, vd ¢(zy) # 0. Khai tri€én ham
¢(z) thanh chudi lily thira clia (z -zo) ta dudc

¢(z) =by +by(z - zg) + by(z —20)2 + ... , V61 by = 0(zg) # 0.
Suyra f(z) =by(z-zo)™ +bi(z-z)" ' +.......

A 7. 7z 7z R . A s R ~ N A~ s 1A A
Vay ndi cach khac, di€m z, goi khong di€ém cidp m cia ham f(z) néu tai ldn cin cla
N , . . R
7o, ham f(z) c6 khai trién Taylor :

f(z) = am(z - 20)™ + am4 1(Z - 20)™ ' + ..o v6iay #0.

Vidu 5.7

a) z = 2i 12 khong di€ém cdp 5 cla ham f(z) = (z-2i)°e™; vi f(2i) =0 va @(z) = e
thda @(2i) = e® # 0.
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b) z =014 khong diém cip 2 clia ham f(z) = zsinz vi khai trién Taylor f(z) tao z= 0
. . A AN ) VAR
la: zsinz=zz——+———+...... =z l-——4+———+......
3 57 3 57

2_Z . .
35 7

4.4.2. Dinh ly (vé tinh duy nhat clia ham gidi tich)
Gia st f,(z) , f(z) 12 hai ham gidi tich trong mién D, va triing nhau trén mot tip vo
han cic di€m {z,} c6 gi6i han la z, € D. Khi d6 f,(z) = f,(z), Vz € D.

BAI TAP
Bai 5.3 Khai trién ham f(z) thanh chudi Taylor quanh diém a cho thudc va tim

ban kinh hdi tu cda chudi.

a) f(z)=Z_1 a=0vaa=1.
z+1

b) f(2) = —— a=0via=2.
z°+3z+2

c) f(z):l a=i.
Z

d) f(z) =¢€” a=mi

e) f(z)= chz a=mi

f) f(z)= shz a=mi
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$5. CHUOI LAURENT VA PIEM BAT THUONG
CO LAP CUA HAM GIAI TiCH

5.1. Chudi Laurent
* Dinh ly va dinh nghia ( dinhly 5.5)

Né&u ham f(z) gidi tich trong hinh vinh khin D : 0 <1 < |z - a|< R < o0 thi v6i moi z

o0
thudc D ta c6 khai trién: f(z)= D a,(z-a)" (5.5)
n=-—oo
1 f(t)dt

trong d6 a, =— ;n=0,+1, £2, ... v6i C 1a dudng cong kin bat ky bao

27 _ o\l
mc(t a)

[ N > ~ N -
diém a va nam tron trong hinh vanh khan.

Hinh 5.5

Chudi (5.5) goi l1a chudi Laurent cia ham f(z) trong moi hinh vanh khin
r’ <|z-a|<R’vdir >rva R°<R.
Chudi (5.5) dudc tach ra thanh hai phan:

o0
¢ Chubi Y a,(z-a)" =fi(z) hoitu v6i |z - a| <R va dugc goi 1a phan déu.

n=0
- X n a_ a_sH N 4. N
¢ Chubi ) a,(z-a)"= + S e =f,(z) hoi tu véi |z - a| > 1 v dugc
n=-1 (Z_a) (z—a)
goi 12 phin chinh.

Nhan xét Chudi Taylor 1a trudng hgp dic biét clia chudi Laurent trong dé phan
chinh triét tiéu.
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Ngudi ta chitng minh dudc ring khai trién Laurent ciia mot him f(z) trong mot
hinh vanh khin tAm a cho tru6c 13 duy nhat. Tuy nhién trong nhitng hinh vanh khiin
khac nhau thi khai trién Laurent clia f(z) c6 thé khdc nhau.

5.2 - Diém bdt thuong cé ldp ciia ham gidi tich

* Pinh nghia N&u ham f(z) gidi tich trong mot 1an cin ndo d6 cla di€m a # o«
trir di€m a, tifc f(z)gidi tich trong mién 0 < |z -a| <1, thi a dudc goi 1 di€m bat
thudng cd 14p cua ham gidi tich f(z).

Khi d6 f(z) c6 thé khai trién thanh chudi Laurent trong mién: 0<|z-a|<r

10 0 —0
fz)= > a,z—a)" = > a,z-a)"+ > a,z-a)".
—0 n=0 n=-—1
C
Hinh 5.6

% Nhan xét: Trong khai trién trén hé s6 a.,= L §f(t)dt= L §f(z)dz.
2mi C 2wl C

k Phan loai Ngudi ta chia di€m bat thudng co 14p thianh 3 loai nhu sau:
a) Cuc di€m:
Piém bat thudng cd 14p z = a clia f(z) dudc goi la cuc di€m cAp m néu khai trién

Laurent ctia f(z) trong hinh tron 0 < |z -a|] <r c6 dang.

ad_m A_m+l a_ & n _ 4
f(z) = + St + Y ap(z—a)" véia,=0.
(z-a)" (z—a)™ z-a 7

¢ Né&um = 1 thi a dugc goi la cyc di€m don.
¢ Néualacyc di€mcapmciaf(z)thi lim f(z)=c va lim (z—a)™f(z)=A#0.
z—>a

z—>a
¢ Ngugc lai néu lim f(z)=cc vd m 1a s8 nguyén duong
z—>a
thda lim (z—a)™f(z)=A , v6i A # 0 vd Az oo, thi a la cyc di€m cip m clia
Z—a
ham f(z).

b) Pi€m ba't thutng bé dugc:
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Piém bat thudng c6 14p z = a clia ham gidi tich f(z) goi 1a diém bat thudng bd dudc
néu khai tri€n Laurent ctia f(z) trong mién O < |z -a| <t c¢6 phan chinh triét tiéu.

400
Tacla: f(z)= ) a,(z-a)".

n=0
¢) Pi€m bat thuong cot yéu
DPiém bAt thudng cd 1ap cla z = a clia ham f(z) goi la diém bAt thudng cdt y&u néu
phan chinh cda khai trién Laurent him f(z) trén mién 0 < |z -a| <1 c6 VO sO sO
hang.
Vidu 5.8 Khai trién Laurent cdc him s6 sau tai cdc di€m bat thudng co6 1ap da chi
ra va goi tén cdc diém bat thudng co 1ap d6:

eZz
a) f(z) = 7 ,taiz =2.

b) f(z) = (z—l)cos%, taiz = 1.
Z_

¢) f(2) = 22 taiz=0.
Giai

2z 2(z-2) 4 4 o A An

a) f(z) = © 3=e4e = € 362(z72)= € 322 (z-2) .
z-2° -2 (z-2) -2 5
2z 0 n _ n-3

Vay f(2)= © T = et M

(z—-2) oy n!

et 2et 2%t 2l 2etz-2)
B 3 2t + + -
(z-2)" (z-2)° 2U(z-2) 3! 4!

Suyraz=2 la cuc di€m cAp 3 clia ham f(z).

@=§ 1 1

(2n)!

1

Z_

=(z-1) Y, (D"
n=0

Suy ra z = 1 12 diém bat thudng cot y&u clia ham f(z).

b) f(z) =(z-1)cos

. 3 5 7 2n+l1
¢) f(z) = San=l -l r +(—1)“Z—+ .....
2 ozl 3 s 7 2n+1)!
2 4 6 2n
T I | L B
35 7 (2n+1)!
Suy ra z = 0 12 diém bat thudng béd dudc ca ham f(z). *
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BAI TAP
Biai 5.4 Khai tri€n Laurent cic him s6 sau tai cac di€m bAt thudng co 1ap di chira
v goi tén cdc diém bat thudng co 1ap d6:

2z 1
1) f(z)= ,taiz=1 5) f(z)=— ,ta1z=3.
) 12) (z—1) az z (z-3)°
1
Z . 1
2) f(Z)=m,talz='2 6) f(Z)=Zzezl,ta_1iZ=O.
g 7 f(z)y= —,taiz=1.
3) 1= “5* uiz=0 VO e
Z
1 . .
— (. . R 8)f(z) = ———,taiz=1.
4) f(z)=(z 3)smz+2 ,taiz=-2 (z2+1)2

Bai5.5 Khai tri€n Laurent ham f(z) = —

z+D(z+3)
a) Trong hinh vanh khin : 1 <|z| < 3. b) Trong mién : |z| > 3.
¢) Trong mién : 0< |z + 1] <2. d) Trong mién :|z|< 1.
Bii 5.6 Tim cic 0-di€m clia cdc ham s6 sau va chi rd cip cda ching.
a) W= (22 +9)(z* +4)° by w= (1-e?)z%-4)°
c)w =2z’ +3z2° d) w =4z> +12iz- 9

Bai 5.7 Tim va phin loai cdc di€m bat thudng c6 14p clia cdic ham s& w = f(z) sau

Z+2 sin Z l-cosz
a)w = . b)w= 7) C)W=—2
(z=-1".z.(z+1) z z
dw= 2 e) W= cos f) w = sin| =
(z=+1) Z+i 72
1
g)w=ze? h)w= 31 5 i) w=c0sl
z° -1z z
Bai 5.8

a) Khai trién ham f(z) = 2° sin(l} thanh chudi Laurent quanh di€m bat thudng co
z

A

lap z,=0.

1
b) Tinh tich phdnsau: A = §>zz sin[—]dz , v6i Cla dudng tron |z | = 3.
C z

Bai 5.9

1
a) Khai trién ham f(z) = €#-! thanh chudi Laurent quanh di€m bat thudng co 1ap

Zo=1.
1
b) Tinh tich phiansau: A = }(ez—l +eZ)dz, v6i Cla dudng tron | z | = 4.
C
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Chuong 6

THANG DU VA UNG DUNG

Trong chuong nay, ban sé hoc

¢

® & oo o

Khdi niém thing du cia ham gidi tich tai cic di€m bat thudng co
lap.

Céch tinh thdng du.
Ung dung thing du dé tinh tich phan doc theo dudng cong kin.
Ung dung thing du d€ tinh tich phan ham lugng giéc.

Ung dung thing du d€ tinh mot s6 dang tich phéan suy rong
loai 1.

Gid st chiing ta can tinh tich phian jﬁf(z)dz véi C la dudng cong kin tron hodc

C

tron tirng khiic va haim f(z) gidi tich bén trong va trén C trit mot s& hitu han di€m

bat thuong ¢d lip ay, as,........, a, nim bén trong C.

Hinh 6.1

Trong chudng 4 ta da biét
$f(2)dz = §f(2)dz+ P2z + .ot § T (2)02
C G G, Cn

Hinh 6.2
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Nhu vay ta can tinh cdc tich phan dang j;f(z)dz , véi diéu kién f(z) gidi tich trén C
C
va bén trong C trir di€m bat thudng duy nhit a.

0

Hinh 6.3
Mt khédc trong chuong 5 ta di bi€t hAm f(z) c6 thé khai trién thanh chudi Laurent

quanh diém bat thudng c6 1ap a nhu sau

400 o0 —0
f(z)=> a,z-a)"= > a@z-a)"+ Da(z-a)
—00 n=0 n=-1
Trong d6 hé s6 a = L §f(t)dt= L §f(z)dz.
2m 2m
C C
1. Dinh nghia thdng du

Thang du cua ham giai tich f(z) tai diém bat thuong c6 1ap a dugc ky hi€u va dinh
nghia bdi:

Resl[f(z),a]:= 2%1 $f(z)dz (6.1)
C

Trong dé C la dudng cong kin bat ky, tron hoidc tron tirng khic, khong tu cit , bao
di€m a va hAim f(z) gidi tich bén trong va trén C trir diém a. ( hinh 5.3)

2. Cdch tinh thdng du
% Tong qudt N&u khai triém Laurent him f(z) quanh diém a c6 dang

400

f(zy= > a,(z—a)"
n=—oo
thi Resf(z),a]=a_, (6.2)

*k Néu a la cuc diém cdp m ciia f(z) thi:

Res[f(z),a]:zli_r)lz1 (ml—l)!((z_a)m f(z))(m—l) (6.3)
*k Néu a la cuc diém don ciia ham f(z) thi:
Res[f(z),a]= lim (z-a)f(z) (6.4)

Z—a
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*k Néu f(z)= E ; h(a) 20, g(a) =0, g’(a) # 0 khi d6 a la cuc di€ém don cla f(z)

va ta c6: Res[f(2),a]= h'(a) (6.5)
9'(a)
Vidu 6.1
o2 4 4 2 4 3 4 4 4.

a) f(z) = © T+ 2e >+ 2’e +2e+2e(z 2)+ ......

(z-2)° (z—2) (z-2)" 2(z-2) 3! 4

2z 2 4
Suy ra Res c 3,2 :2 © =2e?.
(z-2) 2
s 1 1
b) f(z z-1 cos—
) £(2) = (z- 1) cos — g e o
1 -1
Suy ra Res| (z—1)cos J=—.
z—1 2
2 4 6 2n
N (0 FLLLLL N P S U A | S A
z 3 57 2n+1)!
Suy ra Res{ﬂ O} 0.
z
d)z=11a cuc di€m cip 2 clia ham f(z) =;2nén
(z-1)"z
Res ;2,1 = lim(lJ —11m—21:—1.

(Z—l) 7 -1\ 7 z—l 7

e) z =112 cuc diém don clia ham f(z)=;2 nén
(z-1)"z
Res ;2,0 = lim ! > =1. L 2
(z-1"z 20 (z—l)

Chii § N&u a 1a di€m bat thudng cd 1ap cda f(z) vad m 13 s6 nguyén duong sao cho
lim (z-a)" f(z) = A (v6i A= 0, A= o) thiala cyc di€m cip m clia f(z).
Z—a

3. Bd dé Jordan

i) Gia st ham f(z) gidi tich trong nira mit phing Imz > 0 ngoai trir mot s& hitu han
tai cdc cuc diém va  lim zf(z)=0 déu véi 0 < argz <. Khi d6
Z—> o

lim J‘f(z)dz =0 v6i Cg la nlra trén dudng tron |z| =
R — +0 C
R
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ii) Gid st ham f(z) gidi tich trong ntta mit phang Imz > 0, trif mot s& hitu han cdc

cuc diémva lim zf(z)=0 déu véi0<argz<m. Khidé lim jeimzf(z)dz =0.
Z —> 0 R— +ooC
R

V6i Cg 1a nita trén dudng tron |z| =R va m > 0.
B3 dé Jordan dudc 4p dung dé€ chitng minh cdc cong thic (6.8) va 6.9).
4. Ap dung thdng du tinh tich phdn doc theo duong cong kin

N&u f(z) gidi tich trong mién kin D gidi han bdi dudng cong kin C trir mot s§ hitu
han cdc diém bat thudng co 1ap a,, ay, ...., a, nim trong D thi

§ f(2dz=27i iRes[f(z),ak] (6.6)
C k=1

Vidu 6.2

a) Khai trién ham f(z) = zcos(1 7 Z) thanh chudi Laurent quanh di€m bAt thudng

colap z,=0.
l+7z
z

b) Tinh tich phan sau : jgz cos( )dz , v6i Cla dudng tron | z | = 2.
C

Giai

a) f(z)= zcos(1 7 ZJ =z [cosncosl— sinnsinl] =-z cosl
z

=-z{l— ! + L1 + o +(—1)“;+ ..... }

72220 z*4r z%¢6

= —z+L—L+ L +(—1)“;+ .....
22! 741 776 2" (2n)!

b) §ZCOS(1+E Z]dz = 2niRes{zcos(l+an,0}= 2mi %= T,
: !

z

z

Vidu 6.3 Tinh tich phan sau : § 5 ©
c(z”+1D)(z—-4)

dz, v6i Cla dudng tron |z | = 2.
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Giai

eZ

Ham f(z) = 5 c6 caccuc diémdonla z=i,z=-i,z=4; trong do6 cac
(z2+1)(z—-4)

LN . . T A N =R B A N 7
di€m z = i, z = -i nim bén trong C va di€m z = 4 nim bén ngoai C. Do dé

iz(zz +el)(z 4 dz =2mi (Res[f(z),i]+Re S[f(z),_i])

= 2mi [th + lim é—z}z
z—»i(z+1)(z—-4) z»-i(z—1)(z—-4)

=2n{_?’ e }{_} .
211—4) (—1—-1)(-1—-4) 1-4 1+4

1
Vi du 6.4 Khai trién Laurent hAm f(z)=(z-i)’e*" quanh diém bat thudng cd lap
1

z=i.Tinhtichphan I = §(z—i)’e*idz.
|z-2i|=3
Gidi
Khai trién Laurent
()= -iyeri=z-iy 3 Yy
= n n'(z—l) “nl(z-)"
Tinh tich phan
- L 1
| = z—i)eridz=27 Res[(z—i)’er,i]= 27— = —
fz-i [(z—i)’e,i] =

|z-2i|=3
, . R . 1 R N < A 1A
Vidu 6.5 Khai trién Laurent hAm f(z) =z*sin— quanh diém bat thudng c¢6 ldp z = 0.
z

Tinh tich phin | = § e +z* sinl)dz.
z

[2i-z|=5
1 2n+1
n (iZ } _

00 i ;
ean+1)! ngo(_l) (2n+1)1z22™

Giai

4

o0 i 1
- ; D @2n+1)1z2>"
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.1 .1 . !
| = § (€7 +z*sin—)dz= §e3zdz+ jﬁ z*sin—dz= 0+2z Res[z*sin—,0]
|2i-2|=5 z |2i-2]=5 [2i-z|=5 z z

.1

(viham s6 e’ gidi tich trén toan mit trén toAn mit phing phifc nén theo hé qua 3 clia dinh
Iy Cauchy fe*dz=0)

|2i-2|=5

Vi du 6.6 Khai trié€n Laurent ham f(z) =(z i)’ sin# quanh di€m bAt thudng co
z-i

. RO |
lap z=1i. Tinh tich phan | = § ((Z+I)2sm—_+esz}dz.
|z-3i|=6

Z—1
Gidi
1
. (7-)2n+1 . n
. L _ _ HL: (_1)
smz_i = ;( 1) (2n +1)! nzz(;(szrl)!(Z—i)2n+l
ey D s
F@)=@-sin = G- e T ™ Z s i)™

(
| = it; [(z+i)2sinL_+eSZsz: § [(z+i)2sinLjdz+ ﬁ?e”dz

|2-3i|=6 z-1 |2-3i|=6 Z-1 |2-3i|=6

5z 5 2 vo. . A N ~ 2 .
e*dz=0 ( viham € g c6 dao ham trén toan mat phang phic nén gidi tich trén toan mat phang phu’c)
|z-3i|=6

i; ((Z +i)’ Sin#jdz = 27 Res[(z +i)* sinﬁ,i]

|2-3i[=6 -1

(z+0) =(z—i+20) =(z—-i)’ +4i(z-i)-4

Suy ra
(2 +0) sin—— = > D7 — > allbi _+y —4C=D _
Z—i =S @n+Dl(z-D" Sen+D(z-D)" =S @n+Di(z-D)"
Nén Res[(z+i)’sin 1_,i]:__1_4:_§
Z—-1 3! 6
ig ((z+i)2 sin%)dz: 27 (_E)J,o: _25m
|z-3i|=6 Z—1 6 3

5.Ap dung thdng du tinh tich phdn dang

27
Xét tich phan I R(sint,cost)dt, vGi R(sint, cost) 1a ham hitu ty cia sint va cost.
0
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biat z = cost + isint

Z = cost — 1sint

dz = (-sint + icost)dt = i(cost + isint)dt = izdt
Khi 0——>27 thiz chay trén dudng tron |z|=1 ngudc chiéu kim dong hd.
A

y
Ta co
z+z z°+zz 7°+1
cost = = =
_ 27 2z
. z—z z'-zz z*-1
sint = = = >
2i 2iz 2iz Q X
d
dt =2
17
Khid6 |2x 2 2 (6.7)
IR(sint,cost)dt: I R~ . 1,Z *1 dZ—2n1 ZRes[f(z) a, |
a 21z 2z )1z
0 2=t k=1
1 -1z +1 o
Trong d6 f(z)=—R| 22 "l a4, ay, . a, 12 di€m bat thudng clia ham
1Z 21z 2z

f(z) thda |a | < 1 vd ham f(z) khong cé di€m bat thudng nao nim trén dudng tron
|4 =1.

21

Vidu 6.7 Tinh tich phan 1= | d ,
0 3 —2cot+sint

Giai
24z 72472z 70 +1
cost = = =
B 27 2Z
bit sint—Z_Z 2 22 Z -1
' 2i 2iz 2iz
e
iz
dz
1= iz = | , Cla dudng tron |z =1.
Ca 2Z2+1 22 -1 - 21)2 +6iz—1-2i
© 2z 2iz
N 2 L L2 s N 2—1i
Ham f(z)= c6 hai cuc diém la z; = 2-1 va z, = T Cuc

(1-2i)z% +6iz—1-2i
di€m z, nim bén ngoii C , z, nim bén trong C.
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Suyral= 27T1RGS[1°(Z) Zz] 2mi hm (z z,)f(z)=2ni lim 2(z~-12,)
22y (1-21)(z -2, )(z—2;)

= 2mi - 2 = 2ni(i,j =7 L 4
(1-2i)(z, —z,) 21

P,x)
o Q)

Trong d6 Qn(X), Pn(x) 1an ludt 12 cdc da thic bac N, m théa N > m + 2; phudng
trinh Qn(x) = 0 c6 cdc nghi€m don thuc by, b,, ...., by ; phuong trinh Qn(z) = 0 ¢6 cac
nghiém phiic a, a,, ..., a, nim trong nifa mit phang trén d6i vdi truc ox. Khi d6:

P, (%) L P, (2) P.(2)
TC j QN(X)dX 27 |Z Re S|:QN() } i Z_:IR {QN(Z)’bk} (6.8)

— k=1

6. Ap dung thdng du tinh tich phédn dang: j

* Chu y: Ky hiéu TC I diing @€ chi gia tri chinh ctia tich phan suy rong.

+ o0

Vidu 6.8 Tinh tich phan 1= | Czlx
o XD +2x+2)
Gidi

(Z—l)(Z2+2Z +2)=0<z=1vz=-1-ivz=-1+. Loai nghiém z = -1-i vi nim phia
dudi truc 0x. Ta cé

I =2niRes 21 ,—1+1|+miRes 21 1
(z—=1D)(z" +2z2+2) (z-D(z"+2z+2)
=2mi lim ! — +nilim— !
-l (z=1)(z+1+1) 221 (727 +2z2++2)
comi b yml_oZ27 .

(-2+i)2i) 5 5

7. Ap dung thdng du tinh tich phdn dang

+0 +00
'[ f (X) cosmxdx, j f (x)sinmxdx, m > 0.
—00 —00

Trong d6 ham f(x) 12 mdt phan thic hitu ty thda: f(z) c6 cic cuc di€m don by, by,

., bg trén truc thuc va céc cuc diém a,, a,, ....., a, nim trong nira mét phaelng trén doi
véi truc 0x; lim zf(z) = 0. Khi dé:
Z—>0
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+0 +00
TC I f(x)cosmxdx +1 If(x)sinmxdx=

-0 —0
n . s .
= 2mi ZRes[f(z)elmZ,ak]+ni Y Re s[f(z)elmz,bk] (6.9)
k=1 k=1

s 2xdx e in 2xdx
Vidu6.9 Tinhcictichphan: I= [ <225 g= [ 25
o oxT+16 S x7+16
Giai
f(x) = 5 ,m =2, ham f(z) = 5 c6 hai cuc diém cap 11a z = 4i va
X~ +16 z°+16
z = -4i; trong d6 chi c¢6 di€m 4i § phia trén truc Ox.
+ 00 +00 . 2iz 2iz
L4iJ= [ SB[ B o Res| =i | = 2ni lim ——
Cx“+16 T ox“+16 z°+16 24 (z + 41)
8i2 -8
=21 —— = Ry
81 4
o8
Suy ra I=7tT,J=O. L 4
BAI TAP
Bii 6.1 Tinh thing du cda cdc ham sd sau ddy tai cdc di€m bat thudng cd lap cla
chiing.
e 1
1) f(z) = : 7 f@)= 5——
(z-1) z°(z-3)
1
2) f = ; _ .2 7
) f(2) D@1 2) 8) f(z)=z eZ1
Z—sinz 9) f(z)=
3) f(z)= i Z(Z—l)2
1
_ ) . 1 ]()) f(Z) = -
4) f(z)=(z 3)51anr2 (22 +1)2
1 1
5) f(Z)=ZeZ1 ID1(z) = 345
— 1 1
0) 1(z) = cos? 12)f(2) = sin - e?
z

Bai 6.2 Ap dung thing du tinh cdc tich phén :
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7zt

Df—"—7: Cilz-il=4  2)§——dz:t>0,C: 2=
(Z +n) c(22+1)
zt
)jf)smﬂz + cos iz’ dz :C:lz|=2 4)§ dz .C:lz=3
(z—D)(z- (z+1)*
5)&#;C:|2-2|= 6)58M C:l=1,t>0.
Lz-1)(z+1) !
Z
ZdZ s1n—
7) §— ~;C:lz|=2 8){>—dz C: x*+y*-2x=0
L@ +1)(z+3) L2t -

9) f-= % . ¢ 14 bien cita hinh khong vudng c6 cdc dinh1a : £2, +2 + 4

C
Bai 6.3 Tinh céc tich phan
7t 2
D§— e dz , Cilz] =3 2) 222 ;5 sz ,C:|z-2i[=6
cz (z +2z+2) (z+2)°(z" +4)z
3) 22" +5 C 12 chu vi hinh vudng ¢6 cdc dinh 13 141, 2+, 242i , 142i
S(z+2)% (2 + 4)z?
4) §2 * 3sinz z C 12 chu vi hinh vudng c¢6 cdc dinh 13 3+3i, 3-3i ,-3+3i,-3-3i
7(z - l)
)§ ¢ dz _v6i Cla dudng tron |z - i| = 2
(z+3)(z—-1)
Bai 6.4 Tinh cac tich phan sau ( 4p dung thing du)
0 T gt 2 21” dt T dt
0(5—3sint)2 3—2cost+sint o O +4cost
sin3t 2z dt 2m dt
4) I 5) | , 6 | .
5- 3cost cost+2sint+3 0 2cost+7sint+1

Bai 6.5 Ap dung thing du tinh c4c tich phan suy rong sau :
+00 )
x“dx

% dx Tdx
| 2) 3)
_J;@2+n2u2+2x+m £x4+1 g (x* +D(x* +4)
1) +J90 cos2xdx 5) J- XSmX +J?O X cos2xdx
x> +1 x+1 w@?+®@—b
7 J- sin 3xdx 3 TO sin xdx 9) dx
(x +4)(x-1) X(1+X2+X4) 0 X~ 49

Trang 70
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)
Bai 6.6 a) Khai tri€n ham f(z) = e(z +1J thanh chudi Laurent quanh di€m bat
thudng cd lap z,=-1.
(1)
b) Tinh tich phansau: A = §e z+1)qz,v6i Cla dudng tron |z | =3
C
Bi 6.7 7 Ap dung thing du tinh cdc tich phin

1

a)if Zdz,C:|z-1|=4 c)fe;sinldz C:|z| =1
C Z
1 4 N N .
bl = 35zzsm;dz . v6éi C la dudng | d)§ 2° cos( jdz , v6i C la dudng tron
C C Z
tron |z |=1. lz|=1.

Bai 6.8 Ap dung thiang du tinh cdc tich phan

+J-OO sin 2xdx o) +J-OO sin xdx
x(x2 +9) _OOX(X2 +4)
b) j cos xdx d +J_oo sin 2xdx
x? +16 X =Dx +9)

Bai 6.9 Khai trién Laurent ham f(z) =12’ cos— quanh di€ém bat thudng c6 lap z = 0.
z

Tinh tich phan | = § 2’ cosdz.
|2-2i[=6 z
Bai 6.10 Khai trién Laurent ham f(z) = z° sinl quanh diém bat thudng c6 lap z = 0.
z
Tinh tich phan | = § e +z"sin1)dz.
12i2]=3 z

Bai 6.11 Khai trién Laurent ham f(z)=(z-i)’ COSL, quanh diém bat thudng cd 1ap
z—i

z-1

z =i. Tinh tich phan | = § (e +(z-i)’ cos— ]dz
|z-3i|=8

Bai 6.12 Khai trién Laurent ham f(z)=(z-1)* SinL1 quanh diém bat thudng cd 1ap
Z —
z=1.Tinh tich phan 1 = § (e +(z—1)4sinL1)dz.
|2i-2|=3 Z-
1
Bai 6.13 Tinh céc tich phan: I= ffz3eZz dz J= §(Z -1* cos—dz
Z—

|z+5i|=8 |z-i|=5
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Chuong 7

PHEP BIEN POI LAPLACE VA UNG DUNG

Sau khi hoc xong chuong nay, ban cé thé:

¢ Hiéu dudc khdi niém ham gdc, ham 4nh, bi€n ddi Laplace, phép bi€n ddi
Laplace ngudc.

¢ Hiéu va @ng dung dudc cdc tinh chat ctia phép bién ddi Laplace.

¢ Hiéu khdi niém tich chip va biét cach tim dnh cta tich chdp, tim gdc nhd tich
chap.

¢ Biét cdch tim ham gbc va ddnh gid dudc cdch nao t6t nhat khi ¢6 nhiéu cdch
tim.

¢ Thuc hién dugc phép bi€n ddi Laplace, phép bi€n ddi Laplace ngudc.

¢ Ung dung dugc phép bi€n d6i Laplace dé gidi: phuong trinh vi phin, hé
phuong trinh vi phan, phuong trinh tich phan, phudng trinh vi tich phan.

, A’ ~
§1. PHEP BIEN DOI LAPLACE

1.Ham géc
Ham gdc 1a ham phiic bi€n thyc f(t)=u(t) +iv(t), théa min 3 diéu kién sau:

(1) f(t) lién tuc hay lién tuc tirng khic trén toan truc t (nhitng diém gidn

doan(néu cé ) thudc loai 1).
() f@t)=0 khit<O.
(iii)  f(t) ¢6 bac mii. Tdc 13, ton tai cdc s6 M >0, s >0 sao cho Vt>0 thi

| £(t) | < Me™

S sy > 0 sao cho bat ding thifc (iii) thda Vs = sy + € (¢ > 0) va khong thda véi
s=s, —& (so. cAn du6i chinh xéc clia s) dudc goi l1a chi s6 ting clia ham f(t).

Ham g6c f(t) khi t = + oo rd rang hodic 12 hitu han hoic | f(t) | ting ra +oo nhung
khong nhanh hon ham mii e*'.

Vidu 7.1

a) Ham bac thang don vi ( unit step function, Heavisite’s unit function):

0 khi t<0
u(t) := .
1 khi t>0

1a ham gd&c v6i chi s6 ting s, = 0. D thi cda ham bic thang don vi dudc vé trong
hinh 7.1.
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:l(t)

1
0 t
Hinh 7.1 >

0 khi t<0 . .
b) Ham f(t) =< . I_ <Y u(t)sint 1a ham goc vdi chi so ting s, = 0.

sint  khi t>0

) Ham f(t) 0 khi t<0 (He™ 1a ha ¢ v6i chi so ti

c¢) Ham = = u(t)e™ la ham gdc v6i chi s ting s, = a.

e khit>0 8 g

< A . x . o . O khl t(a N .
d) Ham bic thang don vi tré a don vi thdi gian: u(t -a) := ] lIa ham
1 khi t>a

gdc v6i chi 8 ting s, = 0. PO thi cila ham bic thang don tré a don vi thdi gian vi
dudc vé trong hinh 7.2.
A

u(t-a)
1
0 a =t
Hinh 7. 2
1 Khi t<b .
d) Ham loc: ug(t) = u(t-a) — u(t-b) = ' 8<t<D 46 thila hinh 7.3,
A 0 khl t <av t > b
Uab (t)
1
0 a b Tt

Hinh7.3

Ham bién phirc va Phép bién dbi Laplace. ..................ccccceeeeeeeeeeeeeeieieeeee Trang 73



Ham nay goi 1a ham loc vi khi nhan mot ham g(t) bt ky véi né, titc 1a g(t)[u(t-
a)-u(t-b)], thi ham g(t) s& bi khit mat ngoai bing thong a <t < b va giit nguyén
dang trong bang thong do. .

Qui udc vé cdch viét

dudc vi€t gon 1la

o Ham u(t) s 1

¢ Ham u(t)sint duge viet gon 13 i
¢ Him u(t) eat dugc vi€t gon la N eat
¢ Him u(t)g(t) dugc viét gon Ia N g(t)

2. Ham anh Ham 4nh cda ham f(t) 12 hAm F(p) cla bié€n s6 phic p = s + ic xéc

ky hiéu

+00 a
dinh bdi tich phan Laplace F(p) := je‘pt f (t)dt = lim Ie"“ fdt = Z[f()]
0 0

Vidu7.2
a) Ham dnh cia ham f(t) = 1 1a ham:
+00 a o Pt a
Fp)= [ ePdt = lim [e™dt = lim
0 a—>+ooo a—+o| — P 0
—pa _
= 1im &L ol (V6iRep>0)
a0  —P p

b) Ham 4nh cta ham f(t) = e*" 12 ham:

+00 a o (oDt a
Fp)= [ e™e®dt = lim [e*P'dt = lim

a—>+o0 a—>+of A—P

0 0 0
(a—pla _
= lim & b1 ( v6i Rep > o)
a—>+00 a-—-p p—a

¢) Ham dnh cta ham f(t) = cost 1a ham:

R N - e P! (sint — pcost) )
F(p) = I e P.costdt = lim Ie Pl costdt = lim 5
0 a—>+0 0 a—>+00 1+ p 0
—PA i
_ lim e " (sina pzcos a)+p __D (v6iRep > 0)
a—>-+o0 1+p 1+p’
d) Tuong ty ham dnh ctia ham f(t) = sint 1a ham:
+00
F(p) = [e™.sintdt= ( v6i Rep > 0) S
0 1+ p2

3.Dinh Iy 7.1 N&u f(t) ham gbc véi chi s ting sy thi ham dnh F(p) sé& hoi tu trong
ntra mit phing Re(p) = s > o, va 12 ham gidi tich (c6 dao ham)trong mién d6.
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4- Dinh 1y 7.2 ( di€u kién cin cia hAm 4nh)

Né&u F(p) 1a ham 4nh ctia ham f(t) vdi chi s6 ting sy thi  lim F(p)=0.
p—0

2

Vidu 7.3 Cho ham F(p) = p2 _i . Héi c6 ton tai ham gdc f(t) sao cho F(p)=
p-+

Z[f(t)] hay khong?
Giai

2
Vi lim p-—1 =1% 0, nén khong ton tai ham gbc f(t) sao cho F(p)= Z[f(1)].
p—® p2 +1

5. Phép bién doi Laplace

5.1- Phép bién déi Laplace 5.2- Phép bién déi Laplace ngugc
Phép tuong ting Phép tuong 'ng ngudc lai

+00 n F(p) — f(t) sao cho & [f(t)] = F(p)
f( > F(p) = (.)[ e " Tt dugc goi 1a phép bi€n ddi Laplace
ngudgc .
o a1 AOTLAPIACE B K biew 27 )] = 10 5 2 Fo)
pHES = £(t); F(p) — (1), F(p) = £()
Ky hiéu:
Z[f(] =F(p) ; Z{f()} =F(p) ;

f(t) - F(p); f(t) = F[p]

4¥ Nhin xét MJi bi€n ddi Laplace ludn c6 bi€n d6i Laplace ngudc tuong ¢ng va
ngugc lai.

Vidu7.4 (xem laividu 7.2)

a)g[1]=l; g'{l} 1 ( véi Rep > 0)
p

b) Z[e*] = L; 2"1{;}= e™ ( v6i Rep > o)
p—o

c) Z[cost] = P ‘91{ P }=cost (véiRep > 0)
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+00 a ot a
e)Z[= [ e™ut = lim [eudt = lim{ e (2pt+1)}
a—>+o0 a—>+o0 .

0 0 p

—e P2 1
= gim | =S @2D Lo L (y6iRep>0). Dods 9'{%}=t.
a—>+00 p p p p

+00 +00 b e Pt b
f) Z[u(t-a)] = je‘mu(t—a)dt = j e Pdt= lim [e™dt = lim
b—+o0 b+ —p

0 a a a

e PP _egP P2

= lim = (v6iRep>0) L 2
b—>+0 -p p

5.3- Dinh Iy Mellin Gi3 st F(p) 1a hAm 4nh cia ham gdc f(t) vdi chi sd ting s,.
Khi d6 tai moi di€m t ma ham f(t) lién tuc ta cé

a+io a+ib

— 1 pt _L' pt
fo=o—[e F(p)dp—mggmwajf F(p)dp

a—iwo

& day tich phan dugc 14y theo dudng thing tiy y Rep=a>s,.

6 - Cdc tinh chét co ban ciia phép bién doi laplace

6 .1 Tinh chdt tuyén tinh

Néu  Z[f(t)]=F(p), Z[gt)]=G(p)va a,Bla cic sd phic

thi  Z[af(t) +B g(t)] = aF(p) +B G(p), & '[aF(p) +B G(p)] = af(t) +B g(t)
Chiing minh

+00 +00 +0o0
Zlof() +pg®] = [e™[af()+Ba®)ldt=a [e™ f(dt+B [e™ gt)dt
0 0 0

= o Z[f(V] + B Z[g(1)] = aF(p) +B G(p ). u
Vidu 7.5
a) Z[5- 3e™+ 4sint] = 5Z[1] -3 Z[e”] +4 Z[sint] = >3 41

p p-2 1+p°

b) 3[shwt]=2[ﬂ}=l<z[ewt]-sz[e-wt]>:1( L j
2 2 2\p-w p+w

= 2W 5 ,V6iRep>|w|.
p —w

P
2 2

P —W

¢) Tuong tu & [chwt] = v6i Rep > | wl .
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—pa e—pb

d) Anh cia ham loc : Z[uw(®) | = Z[u(t-a)] - Z[u(t-b)] = &S
P

6 .2 Tinh chdt dong dang ( thay ddi thang do)

N&u Z[f®)]=F(p) va @ >0 thi Z[f(on)] = éF(g) . 2 F(ap)] = %f(é)

Chi'ng minh

+00 1 +o0  _P, 1 P
Zlf(an]= [e™ fatydt=— [ e @ f(udu= —F(). m
0 a g a «a
Vidu 7.6
e ) ., ) 1 1 W
a) Biét Z'[sint] = —— . Khi d6 Z[sinwt] = — - 1= 5
I+~
P
e p s 1 W Y
b) Bi€t Z[cost] = ———. Khi d6 Z'[coswt] = — 2

p-+1 w 1+(p)2 _p2+W2

6 .3 Tinh chét dich chuyén géc

Né&u Z[f(t)]= F(p) va a>0 thi Z[u(t-a)f(t-a)l= o P* F(p);

Z'[& P F(p)l= u(t-a)f(t-a).

0 khi t<a

Chii ¥ : u(t -a) =
“yrult-a) {1 khi t>a

Chi'ng minh

+© +0
Zu(t-a)f(t-a)] = j e ™ f(t—a)u(t—a)dt= j e ™ f(t—a)dt
0 a

+o0

+ 00
= j e P f(u)du = j e™e™ f(u)du  (ditu=t—a)
0 0

+00
=e ™ Iefp“ f(u)du = e™F(p). u
0

Vidu 7.7
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;o : ) w
—— - Khi d6 Zu(t-2)sin(w(t-2))] = ¢ p -

p+w p +w

a) Biét Z[sinwt] =

b) Biét Z[t] = iz Khidé [ e iz] =u(t-1)(t-1). .
p p

6.4-Tinh chdt dich chuyén dnh
Néu Z[f(t)]=F(p), f(t)cé chisd tings,, ala sd phitc

thi & [eat f(t)} =F(p-a), Z'[F(p-a)]=e f(t), vSi Re(p-a) > s,.

Chi'ng minh

+0o0

+0
Z [eat f(t)} = Je’p‘ e“f(t)dt= Ie’(p’a)t f(t)dt = F(p-a), vGiRe(p-a)>s,. ™
0 0

Vidu 7.8
o 1 el at 1
a) Biét S’[t]:—z.Khldog[e t] = >
p (p—-a)

b) Bi€t Z[sinwt] = ——— . Khi d6 Z[ e sinwt] = .
P +w (p-a)” +w

c) Biét Z[coswt] = % . Khi d6 Z[ e™ coswt] = P _2a >
P +w (p—o)” +w

4 & . p+4 e o p—22 ~+2. 32 5 = e”'cos3t + 2e”sin3t.
p - —4p+13 (p—2)"+3 (p—2)"+3

¢
6.5 Anh ciia ham géc tudn hoan

D6 thi haim tuan hoan f(t) dugc bi€u dién trong hinh 7.4.
f(v)
4L

Period T -

ANEEANEN AN

Hinh 7.4

Né€u f(t) 12 ham goc tuan hodn vdi chu ky T thi 4nh clia n6 1a
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Fp) = Z[f0] = ——[e Pttt
- P

Ching minh

+00 T 2T
ZIfW]= [e™ f(dt= [e™ f(dt+ [e™ f(D)dt+..
0 0 T
Trong cdc tich phan sau ta lan lugt d6ibiént=u+T,t=u+ 2T..... , ta dudgc
T T T
Z[f(t)] = J.e_pt f(t)dt +e'PTJ-ef‘”u f(u)du+ e'ZPTJ.efp“ f(u)du+....
0 0 0
T T T
- j e ™ f(t)dt+eT j e f(O)dt + e T j e f(0)dt +...
0 0 0
T 1 T
=+ +e™ ) e fodi= ———[e P (nydt. n
0 1-— e_Tp 0
Vidu 7.9

S t nfu 0<t<m N R
Tim anh cua ham goc f(t) = , f(t) tuan hoan chu ky 1a 2.

0 nfun<t<2m

A f(t)
n .................................
0 T ?
1 27 ot
)] = —Ie Ptfydt = ———
1_6—27Zp 0 P
Pt "
_ 1 {e(2pt+1)}= 1 (2—2J .

6.6.Tinh chdt dao ham ham goc

Né&u ham gdc f(t) c6 dao ham dén cAp n va cdc dao ham ciing 12 ham gdc thi:

Z[f" (D] = pF(p) - £(0)
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Z [ (1] = p°F(p) - pf(0) - £*(0)
Z[ 1] = p"E(p) - p"'(0) - p"*£(0) - ........ - " 10)
Trong d6 F(p) = Z[f(t)] .

Chitng minh
Ap dung tich phan tirng phan, ta cé

+00 +0
ZIEWl= [e™ F(odt= [fe™ | +p [e™ f(t)dt=pF(p) - f(0).
0 0

Zfm]=p Z[F'®)] - (0) = plpF(p) - f(0)]-£'(0) = p°F(p) - pf(0) - £°(0) =
Vidu 7.10 Giéi phuong trinh vi phan: y"—y =t,y(0)=1Ly'(0)=1.
bit Y = Y(P)= Z[y] . Bi€n d6i Laplace hai v&€ phuong trinh ta dugc:

P2Y - Py(0)-y'(0)— Y :Pi

2

1 1 1

+ —_
P-1 P°-1 p’

<:>Y(P2—1)=P+1+P—12<:>Y=

Bié&n ddi Laplace ngudc hai vé:

et el o ]

& y=e' +sht—t.

Vay nghiém cla phuong trinh da cho la: y =e' +sht —t. *
6.7. Tinh chédt dao ham ham dnh ( nhan cho t)

Né&u F(p) = Z[f(t)] va Re(p) > s

thi Z[tf()] =-F(p), Z[f()]=F(p).......Z[t"f(t)]= (-1)" F™(p) , Re(p) > so.

Vidu 7.11 Tim : a) Z[tsinwt] b) Z[t"]
. . . w 2pw
a) Taco Z[sinwt] = p2 0 = Z[tsinwt] = {pz +W2j = o7+ W)
(n)
1 n n of 1 n!
b) Z[1]=—=Z[t"=Z[t".1]=(-1) (—j = — .
Y P

» _ t
6.8. Tinh chét tich phdan ham géc Néu {g[f(t)]_ F(p)}, thi & J' f(u)du | = Fp)
Re(p) > s 0 p
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6.9. Tinh chét tich phdn ham dnh (chia cho t)

o0
Néu Z[f(t)] = F(p), Re(p) > sy va tich phan J-F(u) du hoi tu trong nira mit phing
p

LT | f(©)
Re(p) > s;> s thi j F(u)du=% — | Rep > s; > s

p

t o u

. t .
Vidu7.12 Tim: a) %{Smt} b)%{j Slnudu}

Gidi

|si 1
a) Ta c6 Z[sint] = 21 = %{Smt}= _[ ——du= E—arctgp
p~+1 t p U +1 2

O ey —

b) Theo tinh chAt tich phdn hAim goc %{
u

Sy du} = ! (Z - arctgpj *
p\2

t
Vidu 7.13 Tim 4nh ctia ham gdc: f(t) =u(t —z)cos(t—z)+ 5t sint + Ie‘zu cos Sudu
0
Giai

Ap dung tinh chat tuy&n tinh, dich chuyén gbc, dao ham anh, tich phan gdc

px P 2p 1 2t
Z[f(]=e" 5 —. Z[e 5t
[f(t)] szrl+ ((p2+1)2J+p [e cosSt]

p 0 1-3p° p+2

=e " +1 +l.
p>+1 (p>+1)° p (p+2)*+25
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$2. TICH CHAP VA ANH CUA TIiCH CHAP

1. Tich chdp
*k Dinh nghia Tich chap clia hai hAm phitc bi€n thyc f(t) va g(t), 0 <t<oo; ky hiéu

t
la f* g dugc dinh nghia bdi: (f * g)(t) = J.f(u).g(t —u)du.
0

Vi du 7.14

t t2
a) 1*t= J.(t—u)du =,
. 2

t
b) e*1 = Ie“du=et— 1
0
t
¢) sint*1 = Isinudu = l-cost
0

t t t
d) t¥*sint= _[(t —u)sinudu = tjsin udu -Jusin udu = t(1-cost) — ( sint — tcost)
0 0 0

=t - sint ¢
% Cac tinh chat

(1) Giaohodn:f*xg=g=*f

(ii)) Ké&thgp: (f*g) *h=1f*(g*h)="f*g*h

(iii) Phan phoi doi véi phép cong: f* (g+h)=f*g+f*h

(iv) (kf)*g=k(f*g), vdik la hing s&.

(v) [fxg[<|f|*g]

(vi) N&u f(t) va g(t) lién tuc trong 0 < t < oo thi f * g cling lién tuc.

(vil) NE&u f(t) 1a hAm gdc vdi chi s6 ting s; va g(t) 1a ham gdc véi chi s6 ting
s, thi (f * g)(t) 1a ham g&c vdi chi s6 ting 1a max{s; , s,}.

2 - Anh cua tich chép
2.1 - Dinh ly Borel

NEu {&Z’[f(t)]: F(p),Re(p) > sz} i Z[f * g] = F(p).G(p), Re(p) > max{s,,s, }
Zg®)]=G(p),Re(p) >, < F(p).G(p)l=f*g

Vidu 7.15
t

a) Tim 4nh ctia ham goc: f(t) =u(t — z)sin(t — z) + e *sin6t + J.e‘zu cos5udu
0
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t
b)Tim 4nh ctia ham goc: f(t) =5 + tsh2t + e 'cos3t + jew sin(t —u)du .
0

1
p'(p* +1)
Giai
a) Ap dung tinh chit tuy&n tinh, tinh chit dich chuyén goc, dinh Iy Borel, tinh chat
tich phan gbc

¢) Tim gbc cia ham dnh: F(p) =

7[f )= p21+1 e+ zle™ | Z[sinet]+ % Z]e cosst]
I gory, L6 1 p+2
— e + . +—.
p’+1 p+3 p’+36 p (p+2)°+25

b) Ap dung tich chap ta dugc: f(t)=35+ tsh2t+e ' cos3t+e>" *sint

Ap dung tinh chat tuy€n tinh, 4p dung bang va dinh Iy Borel ta dudc :

, 5  4p P+2 11
Z|ft)|==+ + + .
o) (p2-af (P+2f+9 P-3 P?+1

c) Ap dung bang va dinh ly Borel ta dugc :
Z " [F(p)] = z{;} = 3"1{1 ! ! } =1* t * sint = 1 *(t*sint)

p’(p* +1) pp’ (p°+1)
t2 t?
= 1* (t—sint) = 1*t — 1*sint = 5 (1- cost) = el 1 + cost ( xem laividu 7.13)

2
Vidu 7.16
a) Ap dung phép bi€n ddi Laplace gidi phudng trinh tich phin sau

t
y(t) =12e™ + Zj y(u)cos 2(t —u)du
0

b) Ap dung phép bi€n ddi Laplace gidi phuong trinh tich phin sau

t
y(t) = 2+ jsin(t —u)y(u)du
0

Giai
a) Ap dung tich chap, phuong trinh dugc viét lai
y(t) =12e™ +2y(t) * cos 2t
Pit Y = Y(p) = Z[y(t)] bi€n ddi Laplace hai vé& phuong trinh, 4p dung tinh chat tuyén tinh
va dinh 1y Borel ta dugc

Y= 12 02 [y0] Llcos2t] & Y = 1242y P
p-3 p-3 p-+4
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Giai phuong trinh v6i Y 1a 4n ta dudc
12(p* +4) __A B(p—l)+x/_C

(P-3)((p-D*+3) p—3 (p-17+3

Bién ddi Laplace ngudc hai v€ ta dudc nghiém
yty = 7 y=r AP ¢ *52
p-3 (p-DH"+3 (p-D"+3

< y(t) = Ae™ + Be' cos+/3t + Ce' sin/3t
Tim A,B,C dua vao ding thic

]

12(p°+4) A B(p—1)+\/_C
(p=3)((p-1)*+3) p—3 (p—D*+3
Cho p=0: —4=2 4 J3C-B
-3 4
A 43C

Cho p=1: —10——+—
)

_ 1237 +4) 157 o =97 1743
(B-D*+3) 7° 84 ° 14

b) Phuong trinh tuong duong v6i : y(t) = 2 + sint™* y(t)
PitY = Y(p) = Z[y(t)] bi€n d6i Laplace hai v& phuong trinh ta dugc

2p°+1) 2 2

Y——+9[s1nt]9[y(t)]<:>Y—%+ 2Y ©Y=@:_+_3

p p p +1 p P p
Bi€n ddi Laplace ngudc hai v& ta dugc : y(t) = Z7'[Y] =2 + ¢ .

2.2 . Cong thitc Duhamel
N&u Z[f()] = F(p), Z[g(1)]= G(p) thi
Z[f(0)g(v) + "+ g] = pF(p) G(p).
Z[g(Of(v + £+ g’] = pF(p) G(p).
Vi du 7.17
pw

Ap dung cdng thiic Duhamel tim g&c ciia ham H(p) = >
(p-a)(p” +W")

Giai

bit f(t) =sinwt, Z[f(t) ] = Z[ sinwt ] = ,f(0) =0, £’(t) = wcowt

p2+w

1
p—a

g =e", Llg)]1=L[e"]=
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pw w 1
2 p—uq

H(p) =

- = p. = pF(p).G
0 +w) pp2+w pF(p).G(p)

t
= Z'[Hp)] = (0)g() + P* g = F* g =w[coswue® du
0

t

2 . ot
— wel t.ICOS wie @y =V sin wt +\;V()L(e2 cos wt) ‘ .
0 W +a
3- Mét s6 cdach tim ham goc
3.1 Tim géc nho bang doi chidu Goc- Anh va cdc tinh chdt co bén.
Vidu 7.18 Tim goc ctia cic ham dnh
p—-2 p+8
a) Fp)= ——— b) F(p)= ———
P p°—4p-5 P p>+4p+8
Giai
p—2 p—2 -1 2t
a) F(p) = - — Z[F(p)] = eXch3t.
Dy aps oo
+8 +2 2
b) F(p)= —> = P72 .3 22
p - +4p+8 (p+2) +2 (p+2)" +2
= Z7'[F(p)]= e*cos2t + 3e*cos2t .

3.2-Tim goc nho dinh 1y Borel va cong thiic Duhamel

Né&u biet Z[f(t)]= F(p) va Z[g(t)]= G(p) thi c6 thé tim gdc ctia F(p)G(p), pF(p)G(p)
nhd tich chap.

Vidu7.19 & {;D} Z! {i} <z {L} t*el=et— 1 *

p’(p— p’ p-1

3.3-Tim goc nho thing du

n
£ =" [F(p)] = X Res[F(pxeP" ,p; ]

k=1
trong dé Py, P2 seeeeeens Po 12 tAt cd cdc di€m bt thudng cd 1ap clia ham F(p) va
lim F(p)=0.
p—>©

Vidu 7.20 Tim goc clia cdc ham 4nh sau:

1
a) F(p) = - b) F(p)= ———
(p+1)’(p-1)°
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Giai

Z'[Fp)] = & P
v o) Lpﬂ)a(p_l)z}

pt pt
= Re{ B ,—1} +Res { e ,1}
(p+D'(p-1 (p+1D)°(p-1)
2 pt pt
= limd— P° | +lim— d[_pe (120 +-- e'(2t 1),
p>-1dp® | (p—1) r>ldpl (p+1)° 16 16

1
b) Z'[F(p)| = 2’{ }
Fo) (p+1)*(p—1)°*

t t
= Re{ e’ 5 ,1} +Res { 2p 5 ,—i}
(p+i)°(p—i) (p+1)"(p-1)

pt pt 1 . 1 . 1 . 1 .
hmi © +11mi © =(——te" ——ie" )+ (——te" +—ie™)
poidpl (p+1) ) po-idp (p—i)? 4

I 1 1
——t(e"+e™) ——i(e"-e™) = ——tcost +—sint .
4 4 2 2

3.4.Tim géc nho khai trién thanh chudi

Khai trién Laurent ctia ham F(p) tir d6 suy ra ham gdc f(t) dudi dang chudi.
1

Vidu 7.21 Tim goc clia cdc ham:a) F(p)= eP —1. b) ln(l +lj
p

Giai
!
a) Tacé F(py=€eP -1=>) I => !

a—on!p” no nlp

n

1
0 nl
1 ab _1|=
SuyraZ'leP —1|= Z i{n}

o n! - 1n'(n D!

b) 11{1 +—j Z( Hr 1
p

np"
n+l n+l n 1
p n p"

n=1 n=l1 n(n 1)‘
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3.5.Tim goc nho khai trién thanh phén thiic don gidin

Vi du 7.22 Tim gdc clia cdc ham dnh sau:

2pt -4 4p® =3p* +10p—16
F(p) = b) F(p) =
V) = -2 —3) = 2P +4)
242p+3
¢ F(p)= ——L P2
P”+2p+2)(P” +2p+5)
2
a) Taco F(p) = 2p” -4 A B + C

= +
(p+D(p-2)(P-3) p+1 p-2 p-3

2_
2p’ -4 _ , B+ Clp+D
(p—2)(P-3) p-2 p-3
2 —
lim — 22 % _~1
p>-1(p-2)(P-3) 6

2p° -4 _A(p-2), p C(p-2)

¢ Nhan hai v€ cho (p+1) :

Cho p—-1: A=

¢ Nhan hai v€ cho (p-2) :

(p+1D(P-3)  p+l p-3
2 —
Cho p—>2: A= lim 22 —% _ =4
p>2(p+D(P-3) 3
2
o Tuongty C= lim 22 —4 _7
p=>3(p+DH(P-2) 2

-1 1 4 1 1
6 p+l 3 p-2 2p-
7

Ta dugc F(p) =

-1 4
Suyra &' [F = el eyl e
y [F(p)] p 3 5

4p’ -3p* +10p-16 _ A N B +Cp+D
(p-D(p-2)(p*+4) p-1 p-2 p’>+4

4p° —3p? +10p—16_A+B(p—1)+(Cp+D)(p—1)
(p—-2)(P? +4) p-2 p>+4

b) Ta cé

Nhan hai v€ cho (p-1) :

()

3 5.2 B
Chop—1: A= lim 2P~ =3P +10p=16_

1
Pl (p-2)(P° +4)

3 2
4p” =3p~ +10p 16:A(p 2)+B+(Cp+D)(p 2)

Nhan hai v€ cho (p-2) : 5 2
(p—-D(P~ +4) p-1 p”+4
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3 a2 _
Chop—>2: A= lim 4p” =P +210p 16=3
p—=>2  (p-D(p” +4)
3 2 _
4p’ =3p° +10p-16 _ 1 N 3 +Cp+D

Thay vao (*) ta dudc : S = 5
(p-D(p-2)(p"+4) p-1 p-2 p“+4

3 D
Lan lugtcho p =0, p =3 ta dugc hé phuong trinh : 95_1,, 6C+D
26 2 13
1 3 2

Gidi hé ta dudc C=0,D=2.SuyraF(p) = + +—
p—-1 p-2 p +4

Bié&n ddi Laplace ngugc ta dugc : Z'[F(p)] = ' + 3e* +sin2t

p> +2p+3 _ p° +2p+3
(P2 +2p+2)(P* +2p+5) [(P+1)? +1][(P+1)? +4]

¢) F(p) =

B A(p+l)+B+C(p+1)+D
P+D*+1 (P+1)*+4

Lan lugtchop=0,p=-1, p=-2, p =1 ta dudc hé phuong trinh

i_A+B+C+D
10 2 5 A=0
1 gD Bl
2 4 — 3
3 -A+B -C+D C=0
- = + 2
10 2 5 D=2
i_2A+B+2C+D 3
20 5 8
= F(p) = l++l #22 Z'[F(p)l = L etsint+ Letsinae
3P+ +1 3 P+ +4 3 3
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BIEN POI LAPLACE — TiNH CHAT
Cong thitc Tén - Tinh chat
+o0 Pinh nghia bi&n ddi Laplace
F(p) = Z[f(t)]= j e " f (t)dt
0

f(t) = Z"'[F(P)]

bi&n d6i Laplace ngugc

Zaf() +B g] = a Z[fO+B Z[g(D]

Tinh chat tuy&n tinh

Né&u Z[f(t)|=F(p) va a >0 thi
Zfan] = ~F(2)
a (94

Tinh chit dong dang

Z[e™ f(t)] = F(p-a)
Z '[F(p-a)]= e f(t)

Tinh chat dich chuyén anh

Zu(t-a) f(t-a)] = €™ F(p)
Z'[ €™ F(p)] = u(t-a) f(t-a)

Tinh cha't dich chuyén géc

ZIf (V] = p ZI(1)]-F0)
ZIfv] =p° ZIf(H)]-pf(0)-£(0)

Tinh chat dao ham ham géc

0

t
sz{ | f(u)du] = lg[f(t)]
p

Tinh chat tich phidn ham géc

T

Z[f(v] = 1 = je‘ Pt £ (t)dt

l-g P

Anh cia ham goc tuan hoan
chuky T

ZItfO] =-F (), Z[EO]=F)......

Tinh chat dao hAm ham dnh

L ZIf0]= (-1)" FV(p) (nhan t)
Tfo] ® Tinh chat tich phan ham anh
Z [T} = [F(u)du (chia t)

p

(Frg)(®) = [ f(u).g(t —wdu = [ f(t —u).g(u)du
0 0
Z[f gl = ()] L gv]

Tich chap- Anh cua tich chip
Dinh ly Borel

Z[f(0)g(t) + £+ g] = pF(p) G(p)
Z[g(0)f(t) + f* g’] = pF(p) G(p)

Cong thite Duhamel
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BANG POI CHIEU GOC - ANH CG BAN

STT | f(t) F(p) = Z[f(H)] | STT | f(t) F(p) = Z[f(D)]
01 1 1 11 e chwt pP-a
p (p-a)’ -w’
at 1
02 ¢ — 12 e'shwt v
P-a (p-a) —W
n . 2 pw
t n! 13 tsinwt —
03 pn+l (p2 -|'W2)2
) W p2 _ W2
04 | sinwt rEa: 14| teoswt W)
p 15 | tshwt 2pw
t P S—
05 COSW p2 +W2 (p2 _WZ)Z
n! 2 2
n ot : 16 tchwt p° +w
06 t (&} (p_a)n+l (pz_Wz)z
W at _ bt
07 shwt 2 _ w2 17 € —¢ !
P ; a-b | (p-a)(p-b)
b
08 | chwt D> — W’ 18 e e In p-b
t p—a
09 e“sinwt w 19 of . 2W( p- 05)
(p-a)’ +w? te” sinwt 5 512
[(p-a)* +w’]
10 e“coswt p-a . M
(p-a) +w> |20 | te*coswt [(p—a)2+wz]
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§3. UNG DUNG PHEP BIEN POI LAPLACE

S6 dé lng dung clia phép bién déi Laplace

Bai todn va cdc|Bi&n ddi Laplace | Phuong trinh

diéu kién dau daisd (Y(P))
Li| gidi Gidi phuong
cta|bai trinh dai

togn sp

f(t) = ol [F(p)] Bi€n doi Laplace | Tim duogc
nguogc Y(P)=F(p)

Né€u bai toan ban dau 12 hé phuong trinh vi phan hay tich phan thi sau khi bi€n d8i
Laplace ta dugc hé phuong trinh dai s6. Gidi hé phuong trinh dai s6 d6 rdi bi€n ddi
Laplace ngudc ta dugc két qua.

1. Gidi phuong trinh vi phin

Vidu 7.23 Ap dung phép bién d6i Laplace gidi phuong trinh vi phan
Y -6y +25y = e t+e”, voiy(0)=0,y(0) =12

Gidi
Pit Y =Y(p) = Z[y(t)]. Bi€n d8i Laplace hai v& phuong trinh, 4p dung tinh chat tuy&n
tinh va tinh chat dao ham ham gdc ta dudc:
p2Y — py(0) — y'(0) - 6(pY — y(0))+25Y = e~ +e*]

SY(pP-6p+25)= 1
p+3 p-2

2p+1 12
Y= 2 Tt
(P=2)(p+3)[(p—-3)"+16] p~—-6p+25

+12

A B C(p-3)+4D 12
= + + : + .
p-2 p+3 (p-3)°+16 (p-3)" +16
Bi€i ddi Laplace ngudc hai v€ va dp dung tinh chit tuyén tinh ta dugc
yty = <7'[Y]

- 7[A

4
(p-3)>+16

Liglye P53 p % g0
p-2 p+3 (p—=3)"+16 (p—=3)"+16
< y(t)= Ae™ +Be™" +Ce™ cosdt + De’' sin4t +3e™ sin4t

]

Tim A,B,C,D dya vao ding thifc:
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2p+1 © A _ B _C(p-3)+4D
(P=2)(p+3)[(p—3)* +16] p-2 p+3  (p-3)7+16

A= 2x2+1 _i B 2x(-3)+1 _L
Q2+3)[2-3)*+16] 17 (-3-2)[(-3-3) +16] ~ 52
Tir (%) cho p=0 duge: — =~ B, =3C+4D
6x25 -2 3 25
T (¥) cho p=3 dugc: l=A+E+2_ Suyra C= —69’ D= 77
96 6 4 884 1768

Vidu 7.24 Gidi cidc phuong trinh vi phan sau :
a)y”’ +2y’ + 5y = e’sint, y(0)=0, y’(0) =1

vy s , et |, khi0<t<?2
b) y {W4Qy:ﬂ0,ym):y«D:O,ﬂD:{

I , khit>2

Giai
a) PiatY = Y(P) = Z[y(t)]. Bién d8i Laplace hai v& phuong trinh va 4p dung tinh
chat dao ham ham gdc ta dugc:

1

P°Y - py(0) -y’ (0) +2[pY — y(0)] +5Y = ————
(p+D” +1

p>+2p+3

= Y=
(P> +2p+2)(p> +2p+5)

Bién ddi Laplace ngudc hai v& va dp dung két qud vi du 7.21c¢ ta dudc nghiém

phuong trinh 12 @ y(t) = %e'tsint + %e'tsiHZt

e'[u(t)—u(t—2)]+ u(t -2)

0, t>2 |1, t>2

b)ﬂﬂze{

= e' - e?.e"Pu(t-2) + u(t-2)

I, 0<t(2 {Q0<u2
+1 =

Pit Y= < (y); bi€n ddi Laplace 2 v€ phuong trinh ; 4p dung tinh chit dao ham
ham goc va tinh chit dich chuyén gdc ta dudc:

2P 2P
(p2+3p+2)Y:L—e2-e £

p- p-1 p

1 e?.e?P e P

=Y =

(—1Xp+1Np+2) (p-1Np+1)Np+2) p(p+1\p+2)
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oo B Bl el K

p-1 p+1 p+2 -1 p+1 p+2 p+2

Bi&n d6i ngudc hai v€ va 4p dung tinh chat dich chuyén goc ta dudc

yzlet —le o ! e 2t
6 2 3
_ [62 ‘:let—Z 1 t=2) 16—2(t—2):| + [l e (t2) le—z(t—z)Du<t ~2)
6 2 3 2 2
Vidu 7.25

Ap dung phép bién ddi Laplace gidi phuong trinh vi phan
Yy +6y +20y= 50 +e® v6i diéukién y(0)=0va y’(0) =

Tinh lim y(t) rdi dua vao két qui d6 xdc dinh gid tri (gin ding) clia y(t) sau khodng
thdi gian t da 16n.
Giai
Pit Y =Y(p) = Z[y(t)]. Bi€n ddi Laplace hai v& phuong trinh, 4p dung tinh chat
tuyén tinh va tinh chit dao ham ham gdc ta dugc:
p2Y — py(0)— y'(0) + 6(pY — y(0))+20Y = Z[50+e]

1
p+6

< Y(p® +6p+20):%+

~ 51p + 300 _A, B C(p+3)+Dx/_
P(P+OIP+3)  +11]  p p+6  (p+3) +11

Bién d6i Laplace ngugc hai v& va dp dung tinh chat tuyén tinh ta dudgc

y= v ¥]= v ALsB_1c— PP .p Vit
p p+6 (p+3)> +11 (p+3)* +11

< y(t)y= A+Be ™ +Ce™ cos/11t + De ' sin /11t
lim y(t) = hm A+B llme oy hm[ e 3t(Ccos\/_t+ Dsm\/_t)] =

t—>+0

Sau khodng thoi gian t dG 16n thi y(t) ~ Azg (tinh A bén dudi)

Tim A B,C,D dua vao degmg thic:

51p +300 _A, B C(p+3)+D\/_
p(p+6)[(p+3)>+11] p p+6 (p+3)” +11
A 51x0+300 5 o 5Ix(=6)+300 _ 1
(0+6)[(0+3)* +11] 2~ —6[(—6+3)* +11] 20
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Cho p=-3: —14—7=A+E+i
99 -3 3 11
Cho pe2: -2 _ A B CxDJII
48 -2 4 12
51 147
Suyra C=-— , D=——+/11
Y 20 220J_

Vidu 7.26 Ap dung phép bi€n d8i Laplace gidi phuong trinh vi phin
vy +4y’ +13y= 36 +e™" véi diéukién y(0)=0vay’ (0)=0

Tinh lim y(t) roi dua vao két qua d6 xdc dinh gid tri (gin ding) clia y(t) sau khodng
thdi gian t dd 16n.

Giai
Pit Y =Y(p) = Z[y(t)]. Bi€n d8i Laplace hai v& phuong trinh, 4p dung tinh chat
tuy€én tinh va tinh chit dao ham ham gdc ta dugc:

P2Y — py(0) - y'(0) + 4(pY - y(0))+13Y = Z[36+e7*]

<:>Y(p2+4p+13)=§+ !
p p+5

B 37p +180 _A, B C(p+2)+3D
P(P+I(P+2)*+9]1 p p+5  (p+2)*+9

Bi&n d6i Laplace ngugc hai v€ va dp dung tinh chit tuyén tinh ta dudgc
N p+2 D 3 ]

p+5  (p+2)°+9 (p+2)°+9

yt)= Z7'[Y] = :’Z'I[Aler B

< y(t)= A+Be™ +Ce™ cos3t + De ' sin3t

lim y(t) = lim A+ B lim e+ lim[ e > (C cos3t + Dsin3t)] = A

t—>+0 t—>+0 t—-+o0 t—>+0

Sau khodng thdi gian t di 16n thi y(t) ~ A:% (tinh A bén dudi)

Tim A,B,C,D dva vao dazlng thic:
37p +180 _A,_ B C(p+2)+3D

P(P+5(pP+2>+9] p p+5  (p+2)°+9
37x0+180 36 o 37x(=5)+180 _ 1

O0+5[0+2)>+9] 13~ —5[(-5+2)>+9] 18

Cho p=—2:—5—3=i+§+2
27 -2 3 3

Cho p=1: ﬂz A+E+ 3C+3D
108 6 18
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661 419

Suyra C=——— , D=——
234 234

2. Gidi hé phuong trinh vi phédn

Vidu 7.27 Ap dung phép bién d6i Laplace giai hé phuong trinh vi phin

X'+3y=3 DA
véi dieu kién x(0)=0va y(0)=0
X+y-2y=e"
bit X = EZ[X],Y = ﬁZ’[y]; bi€n ddi Laplace hai v& ta dudc:
3
{ sleselyl=2Bl ] P
7[x]+ 2[y]-22[y]=2[e ] X +(p-2)Y =——
p+5
3p>+6p-30 A B C D
= =—+ + +
N p(p+21)(p—3)(p+5) p p+1 p-3 p+5
y__ p*-3p-15 _E_F G _H
p(p+D(P-3)(p+5 p p+l p-3 p+5

) 1 1 1 1
o x=<"TA—+B +C +D
Xzéz‘;’l[X]C> [ P p+1 p-3 p+5]

y=s"1 |y _oEl R pe b n L
p p+1 p-3 p+5

Bié€n d6i ngudc hai v€ ta dudc: {

) X= A+Be' +Ce® + De™
y=E+Fe" +Ge™ + He™

2
¢ Tim A B,C,D dua vao: 3p_+6p—30 :A+ B n C n D
p(p+D(p-3)(p+5 p p+l p-3 p+5

b

~ 3x02+6x0-30 _, B_3(—1)2+6x(—1)—30_—33

C(0+D)O0=-3)0+5) —1(-1-3)(-1+5) 16
_3x3%+6x3-30 5 D_3><(—5)2+6><(—5)—30_—_3
33+D(3+5) 327 —5(=5+1)(-5-3) 32
p>-3p-15 E_F G H

¢ Tim E,F,G,H duya vao: = + +
p(p+D(p-3)(p+5 p p+l p-3 p+5

:(—1)2 -3x(=D-15_ 11

02 -3x0-15
—1(-1-3)(-1+5) 16

E=(0+1)(0—3)(0+5):
3° -3x3-15_ 5 H=(—5)2—3x(—5)—15_ 5

G=3(3+1)(3+5)_ 24 C5(5+1)(=5-3) 32

Vi du 7.28 Ap dung phép bi€n d6i Laplace gidi hé phuong trinh vi phan
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véi diéu kién x(0) =0, y(0)=0

t 2

{x’+3y =sint

X+ Yy'+2y =3e
Giai
bit X = Z[x] Y = Z[y]; bi€n d8i Laplace hai v€ ta dugc:
1

{ Z[x]+3<[y]= <[sint] - pX+3Y:p2+l

g[x]+g[y’]+2g[y]: 3:%}[@] X +(p+2)Y =i1

p_
-8p* +p-11 A(p-D+B C Dp+E

X = = + +
o (P=D’(p+3)(p*+1)  (p-1>  p+3 p’+l
3p*+2p+1 _A'(p—1)+B'+ o +D'p+E'

T(P-D(p3(PP D (p-DF  p+3 pP+l
Bi&n ddi ngugc hai vé ta dudc:

o x= v A4 _4ct ip P e 1
{x-zﬁ [X] o p-1  (p-1) p+3  p*+1  p’+l1
y=2"1 |y _oa—tve—t ol s P el

p-1 (p-D p+3 p-+1 p°+1
©{ x = Ae' + Bte! + Ce ™ + Dcost + E sint

y=A®e" +B'te' +C'e™ + D'cost + E'sint
¢ Tim AB,C,D,E duavao

-8p°+p-11 _A(p-D+B C _Dp+E
(P=D*(p+3)(p*+1)  (p-D*  p+3 p’+l
B_—8x12+1—11_—9 C_—8><(—3)2—3—11=_43

T A+3)1P+) 4 (=3-1)2(9+1) 80

b

Chop=0 : _T“=—A+B+%+E

Chop=2 : “H g &, 2DFE
25 5

Chop=-2 : _j-3AB o E-2D

Thay B =_79, C= —g vao hé trén va st dung mdy tinh casio giai dugc A=1—5,

16
D=_—2, E=_—3
5 10
¢ Tuong tu, ching ta tim A',B',C',D',E' dua vao
3pP+2p+1 _A'(p—1)+B'+ C' +D'p+E'

(p-D’(p+3)(p>+1)  (p-1)° p+3  p*+l
g DU H2x14l 3 [ 3x(B) +2x(B)+1_43

C1+3)12+1) 47 (=3-D((=3)>+1) 20
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Chop=0 : %——A'+B'+%+ E'
Chop=2 2——A' B'+ ¢ 2D+E
25 5
Chop=-2 : =3 _Z3A%B ¢ E2D
5 9 5
3 43 s P 15
Thay B' R C'=— vao hé trén va st dung mdy tinh casio gidi dugc A':E, D'=, E'=
Vidu 7.29
coe 1 A . . A x'-2y =4 PRTN "
a) Giai hé phuong trinh vi phan : , vGi dieu kién x(0)=3,y(0)=2
y'+2x =3t

X'=-3 .
b) Giai hé phuong trinh vi phin : y , v6i di€u kién x(0) =1, y(0) =
y+X+2y=0

Gidi
a) Pit X = Z[x] Y = Z[y]; bi€n di Laplace hai v€ ta dugc
4
{:Z[x']—zii“[y]:4%[l]® S I
T2 x]=320 7 oy caax =2 |ax s py =24 2
p’ P
w__ 8 3P 6 w_. 3P 6 16
- p>+4 p’+4 pz(p2+4)© p’+4 p°> p’+4
-6 2P 5 -6 13 P S
p>+4 p’+4 p(p2+4) p2+4 4 pi+d 4p
X =3cos2t + 6t —8sin2t
5.

Bi€n doi ngugc hai v€ ta dudc nghi€m : {y _ _34in2t +%cos 2t -

b) Bit X = Z[x] Y = Z[y] ; bi&n ddi Laplace hai v& ta dugc

p-4 _//

X =
{ Xp+3¥ =1 (p-1)p+3) p-1 p+3
X+(p+2)Y=2 v 2p 2 / /
p>+2p-— 3 p—l p+3
= -2ty Lo
4 4 .

Bi&n ddi ngugc hai v€ ta dudc nghiém
I DRI

y=—e'+—¢

4

3. Gidai phuong trinh tich phdn Volterra
Phuong trinh sau day goi 1a phuong trinh tich phan Volterra loai 2
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t
y(t) = f(t) +A J.k(t —u)y(u)du , y(t) 1a ham cin tim, A = const
0
Giai
Ap dung tich chap , phuong trinh dugc viét lai : y(t) = f(t) + k(t) * y(t)
Pat Y = Y(p) = Z[y] . E(p) = Z[f(V)], K(p) = Z[k(t)]. Bi€n d8i Laplace hai v&

phuong trinh va d4p dung dinh ly Borel ta dugc :

_ ___F _ 1| __FP)
Y =F(p) + AK(p)Y < Y_l—kK(P) >y=Y L—XK(p)} u

Vi du 7.30 Ap dung phép bi€n d6i Laplace gidi cic phuong trinh tich phan:
t

a) y(t)=t* + [ y(u)sin(t - u)du

t
b) y(t) = €™+ 2 [ y(u)cos(t - u)du
0

t
¢) y(t) = sin2t +2 j y(u)cos(t — u)du
0

Giai
a) Ap dung tich chiap, phuong trinh dugc viét lai dudi dang: y(t) =t + y(t) *sint
bit Y = Y(P) = Z[y(t)]. Bi€n d8i Laplace hai v& phuong trinh va dp dung dinh ly

Borel ta dugc: Y =%+Y . 21 =Y =i3+i5
p p°+1 p p
4
Bién d6i ngudc hai v&: y= < {%} + 77! {%} =t’ + 1—2
p p

4
Vay nghiém cla phuong trinh 1a: y(t) = t2 + I_z

b) Ap dung tich chdp, phuong trinh dugc viét lai

y(t) =e™ +2y(t) *cost
Pit Y = Y(p) = Z[y(t)] bi€n ddi Laplace hai v&€ phuong trinh, 4p dung tinh chit tuyé&n tinh
va dinh 1y Borel ta dugc

Y = F2Z[y0] Lleost] & Y= 4oy P
p-5 p-5 p°+1
Giai phuong trinh v6i Y 1a 4n ta dugc
p> +1 A +B(p—1)+C

Y= 2 2
(p=5(p-D° p-=5 (p-D
Bién ddi Laplace ngudc hai v€ ta dudc nghiém
yit) = 7' [Y]1=<7] A +B——+C—" 7]
p-5 p-1 (p-D
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& y(t) = Ae™ + Be' +Cte'
Tim A,B,C dua vao ding thic

p> +1 A +B(p—1)+C
(p-5)(p-D> p-5 (p-1°
a=B ol g3

8 2 8

c¢) Ap dung tich chap, phuong trinh dugc viét lai: y(t) = sin2t +2y(t) * cost
Pit Y = Y(p) = Z[y(t)] bi€n ddi Laplace hai v& phuong trinh, 4p dung tinh chit tuyé&n tinh
va dinh 1y Borel ta dugc

Y =

2

2 4220 Lcost] & Y = 2 oy P 1
+

p-+4 p
Giai phuong trinh véi Y 13 4n ta dugc
__ AP+ _A(P-D+B_Cp+2D
(p-D*(p*+4)  (p-1’ p*+4
Bié&n ddi Laplace ngudc hai v€ ta dudc nghiém

: - 1 1 p 2
t) = < [Y]=Z[A B C D
YO = LY=L A T BT O kD]

& y(t) = Ae' + Bte' + Ccos2t + Dsin 2t

Tim A,B,C dua vao ding thic

2(p* +1) :A(p—1)+B+Cp+2D
(P-D*(p*+4) (p-D? p* +4
A=, Bzi, C=— , D=—

5

4. Gidi phuong trinh vi tich phin

Vidu 7.31 Giai phuong trinh:
t
Y’ +y = sint+ j y(u)sin(t —u)du , v6i y(0)= 0, y’(0) = 1.
0

Ap dung tich chip, phuong trinh dugc viét lai dudi dang:
y’’ +y = sint+ y(t)*sint
Pat Y = Y(P)=L[y(t)]. Bi€n ddi Laplace hai v& phuong trinh , 4p dung tinh chat

dao ham ham gbc¢ va dinh ly Borel ta dugc : P’Y - 1+4Y = 21 + 2Y
p-+1 p°+1
Gii phuong trinh véi Y 12 4n s6 ta duge : Y = Lz
P
Bi&n ddi ngudc hai v€ ta dude nghiém phuong trinh 13 : y =t. L 4
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5. Ung dung vao co hoc

¢ Mot chit diém P c¢6 khdi lugng m chuyén dong doc truc 0x vdi hdoanh do x(t) ;
va bi hiit vé goc 0 bdi mot luc huéng taAm f,(t) = kx(t).

-
P v(t)

O H
' I
<4+ X —>
Hinh 7.5
Theo dinh ludt Newton ta c6 phuong trinh chuyén dong ctia chi't di€ém 1a
2 2
m j—;‘ = fi(t) < m ‘(11—;‘+f1(t)=0 o mx’+kx= 0
t t

¢  N&u c6 thém mdt lyc tit dan ty 1& vdi van toc tic thdi clda chdt di€ém 1a  fi(t)
= av(t) tic dung vao chat di€ém thi theo dinh luat Newton phuong trinh chuyén
dong clia chat di€m 1a

2 2
m ‘:1—;‘ = -f1(1) - (1) & mj—f+ £1(6) + () = 0
t t

< mx+kx+ov(t)= 0 mx” +ox’ () +kx= 0

H
fre—
_>A
0 f, ™ v(t)
T TF > <>
< X >
Hinh 7.6

¢ Bay gid, n€u c6 thém ngoai lyc f(t) tic dung vao chit di€m thi theo dinh luit
Newton phuong trinh chuyén dong ciia chit di€m la
d?x 2

m = = -fi(t) - f0) + f() & m d—;‘+ £,(t) + £o(t) = (1)
dt dt

& mx” +kx+av(t) = f(t) < mx” +ox’(t) + k x = {(t)

Vidu 7.32 Mot chit di€m P ¢6 khdi lugng m = 2 gram chuyén ddng doc truc Ox
vdi hdoanh do x(t) ; va bi hit vé gbc 0 bdi mot luc huéng tAm f(t) = -8x(t). Gid si
ban dau chat di€ém ding yén & vi tri x, = x(0) = 10. Hay tim vi tri x(t) cia chat di€m
tai thdi di€m t bat ky trong hai trudng hop sau:
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a) Khong c6 luc nao khic tdc dong 1én chat diém.
b) Chat diém chiu tic dung cda mot luc tic dan f5(t) = -8v(t); v6i v(t) 1a van tdc tifc

thoi cia chat di€m.

-

fre— o
%A
0 f, ™ v(t)
T e *
< X >
Hinh 7.7

Trén hinh 7.7 ta chon chiéu duong ciing chiéu truc Ox. Khi x >0 thi f; < 0; khi x<
0 thi f;> 0 ( do Iyc hit huéng tam). Khi v> 0 (chit di€ém P dang chay vé phia bén
phai) thi f; < 0 ; khi v< 0 (chat diém P dang chay vé phia bén trdi) thif, >0 ( do
lyc hiit tit dan va ngugc chiéu vectd van toc).

a) Theo dinh ludt Newton, tacé : mx’’ =f; < 2x77 =-8x
Ta dudgc phuong trinh : X7 +4x =0, x(0) =10, x’(0) =v,=0
Pit X = Z[x(1)] ; bi€n ddi Laplace hai v& phuong trinh va dp dung tinh cha't dao

10p
p+4

ham ham goc ta dugc : p° X — 10p+4X =0 X =

Bi&n d6i Laplace ngugc hai vé ta dudc : x(t) = 10cos2t.

b) Theo dinh ludt Newton,tacé: mx’’ =1, +f, < 2x’’ = -8x -8x’

Ta dugc phuong trinh : x’ +4x’ +4x=0,x(0) =10,x’(0) =v,=0

Pit X = Z[x(t)] ; bi€n d8i Laplace hai v& phuong trinh va dp dung tinh chit dao
ham ham g6c ta dugc :

> X — 10p +4(pX- 10) + 4X = 0 <> X = 0P +40 10 20

5 oS X = + 5
p- +4p+4 p+2 (p+2)

Bién ddi Laplace ngudc hai v€& ta dudc : x(t) = 10e™ + 20t e™ .

6. Ung dung vao gidi tich mach dién
*Mach RLC: Xét mach dién nhu hinh 7.8. Trong d6 R, L, C 1a cdc hiing s0.
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Inductance, L

——JG0 -
i(7)

—— Capacitance, ¢
Resistance, R Switch
A
Hinh 7.8 Mach RLC
Theo dinh luat Kirchoff ta c6 : vi(t) + vr(t) + vc(t) = E(t) <

. 2
 di® +Ri() + q(t) _E() d"q(®) Rdq®) q® _ EW®
dt C dt? L dt LC L

¢ N&u mach khong c¢6 phan ti¥ C thita c6 : L% + Ri(t) = E(t)

¢ N&u mach khong c6 phan ti L thi ta c6 : Ri(t) + % = E(t)
dq() _ q(t) _ E@®
dt RC R
Vi du 7.33 Xét mach dién RL (hinh 7.9). Trong d6 i(0)

duong.

hay

0, R, L 1a cédc hiing s6

Inductance, L

0

i)

Resistance, R Switch

A—

Hinh 7.9 Mach RL

a) Cho E(t) = Ej 1a hing s6 duong. Ap dung phép bién ddi Laplace gidi phudng trinh
vi phan d€ tim i(t). Tinh tlim i(t) roi dua vao két qud d6 xdc dinh gid tri (gin ding)

cta i(t) sau khodng thdi gian t da 16n.
b) Tim i(t) n€u E(t) = E¢sinot , o 13 hiing s0.
Gidi

d } =<i'(t)] = pI-i(0) = pI

patI=1Ip) = Z[i(n] = *f{a

a) L% +Ri(t) = E, ,i(0)=0 v6i E_,R,L 1a cdc hiing s6 duong.

Li'(t) +R i(t) = E,.
Bi&n ddi Laplace hai v& phuong trinh ta dudc

EO EO
LIp+RI= — <I(Lp+R)= —
p p
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E, E

ol 0 o 11
p(Lp +R) R|p

R
p+—
L

Bién doi Laplace ngudc hai vé ta dudc: i(t) = 1[I ]= ?0 l-e L

R,

E
limit) = lim -2 1—¢ L :%

t—+0 t—+0

. E
Sau khoang thoi gian t du 16n i(t) = F°

D4 thi i(t) dugc bi€u dién trong hinh 7.10.
i(t)

A

™

o

i(t)

v

0 t
Hinh 7.10
b) Li'(t) +R i(t) = = E,sinwt. Bi&n ddi Laplace hai v& phuong trinh ta dudc
E E
LIp+RI= — " 1= had

p? +w? (p? +w?)(Lp+R)

E E
1= iw 1 o 1= EoW Ap+Bw+ C

2 2
(P +w)(p+ ) Bopiews pp®
L L
o« A A . A . EOW . —Rt
Bi€n doi ngudc hai vé ta dudc : i(t) = L Acoswt+Bsinwt+Ce L (*)

1 _Ap+BwJr C
R. 2 2 R
(p2+w2)<p+z> pow p+

Tim A, B, C bing cdch xét :

(**)

. R
¢ Nhan hai v€ cda (**) véi (p +%j va chop — L ta dugc:

2
C= Iim ! = L

p—>—R p>+w? R?+w?L?

¢ Nhan hai v€ clia (**) v6i p va cho p — oo ta dudc :
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—12
0=A+C=>A=-C=

R? +w?L?
B L
¢ Tu (**)chop=0ta dudc : 5 =—+C—:>B=%
wR w R (R“+w°L?)
Thay A, B, C vao (*) ta dugc k€t qua:
) -E wL wRL . -E,wL  R¢
1(t) = 5 5.5 COSWL+ ——— ——sinwt+————-¢ L
R“+w°L (R +w"L") R“+w°L
L 4
BAI TAP
Bai 7.1 Tim 4nh ctia cdc ham sd sau:
1) f(t) = esin’t 6) f(t)= 4e'sin’t +t’e® + 6 t sh2t+3.
2) f(t) =3te" + 3te' +7 7) f(t) = te' cost + t’e'sin2t
3) f(t) = 2 e>'sint — 5e'cos2t +3 8) f(t) = te*chat
— _ : 2
4) f(t) = tcos2t — 3tsin3t +4 9) f(t) = o +1 +te' 4t cos’t
5) f(t) = 4 e sin’t + 20> + 5 " sh3t+ 2
Acos’t. 10)f(t) = 4 e cos® 3t + t'e' + 5 ™

cht+7.

N ~ (g e ~ N ~ N A N
Bai 7.2 Tim bi€n doi Laplace cdc ham s0 sau: (ham tuan hoan)

sint O<t<rw t O<t<l
f(t) = ,f(t+ ) =A1(t f(t) = f(t+2) = f(t
a)f(t) {0 (50 (t+7) = 1(t) o) f(v) {0 l<t< (t+2) =1(t)
int khi0<t
b)f(t)={sm HEEEST w2 ) = (1) 2 whio<t<®
0 khi 7#<t<2mn d)f(t)= T i 2 £t +2 7)=f(0)

sint khi 5St<2n

Bai 7.3 Cho ham gdc f(t) c6 dd thi nhu hinh vé.

f()

a) Viét phuong trinh cia f(t).

b) Tim &nh cida f(t).
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Bai 7.4 Tim anh clia cdc hAm goc ( chia t, tich chap)

)
a) f(tH)= S“i t
b) f(t) = 1-cost
-at _ —bt
c) f(t) = %sinm

Bai 7.5 Tinh cac tich chap f*g:
a) fy=t,g)=1

b) f(t)=cost, g(t) =t

c) f(t)=¢e', g(t) =t

Bai 7.6 Ching minh ring
a) ffg=g*f b)(f*g)*h=1*(g*h)

Bai 7.7 Tim <[ f*g ]

t
d) f(t) = j (t—u)?cos2u du
0

e) f(t) = t** esin2t

£ ="

t

d) f=t, gt =¢'
e) f(t)=¢', g(t) =e'sint
f) f(t)=t, g(t) =sint
) f(=e”, gy=1

c) f*(g+h) = f*g + f*h

a) f(t) = t, g(t) = sint d) f(t)= €', g(t) = te™
b) f(=e*, gt)=1 e) f(t)= t}, g(t) =e sin2t
c) f(t) = sint, g(t) = cos2t

Bai 7.8 Tim gdc clia cdc ham anh sau day:

1)

2)

3)

4)

5)

6)

7)

Fp) = bpa+c 070 = (p—l)fpljz++32p+5)

F(p)= bp3p+c 020 1F®= (p+12)lg(+ps+2)2

F(p) = ﬁ 139)E(p) = (p? +4ip2 +9)

F(p) = p23+—pp+1 14)F(p) = o —3p +12)(p2 —2)

F(p) = @2%1)3 19)Fp = — 2_p62p; ipljpsw
. _

Fp)= 2p2p—7 1O = (p—3)5(p—1) ' p2f4|;—5
2 g

F(P)=§3+9p 17)F(p)z(p—5)6(|0—2)-|- p2—§p+2

............................................. Trang 105



6 p+6 6 5
8) F(p)= + 18) F(p) = +
D =30 -D(p+2)  p+dp+20 P o D) T ot rapsa0
10p+6 p+38 4 2p 1
9) F(p)= + 19)F(p) = _ +
D -4 p% —6p+25 JTP) 3p+2 5pP+1 2p°+9
4 p+1
10) F(p) = +
P (P-3)(p-1D  p?-6p+25

Bi 7.9 Tim gdc clia cdc ham anh sau ddy: ( Ap dung khai trién chudi)

1. 1 1
F(p) = —sin(— = l
a) F(p) psm(p) c) F(p) ln(l+pJ

b) F(p) = lCOS(l) -
p p 2
d Fp=e® -1
Bai7.10 Ap dung bi€n doi Laplace gidi cic phudng trinh vi phan sau:
Dy -2y + 10y =cos2t;y(0)=0,y (0)=1
2)y +y=t—(t-Dut-1),y0)=2,y(0)=1
3)2y -3y =4sint+ 5cost, y(0) =-1,y (0) =-2
4) y” + 2y =3cos2t, y(0) = -1, Y’(O) =0
Bai 7.11 Tim nghiém riéng clia hé phuong trinh vi phan:

X'-5y = cost o
a) véi dieu kién x(0)=0, y(0)=0

X+y-6y=e"
—Xx4+2y=3 s .
b) * , * . Y véi dieu ki€n ban dau : x(0) =y(0)=0
3x +y —4x+2y=0
X'-4y=2 A
c) vdi dieu kién x(0)=0va y(0)=0
X+Yy-5y=e"

=2y+3t . .
d) {X. Y21 U6i didu kien ban diu : x(0) = 2, y(0) = 3
y =2x+4

! nw_ —t
e>{x =T X0)= y(0) =y’ (0) = 0.
X+2x -y =1

f){ fz'_:et—r ¥(0)=3,y(0)=-2,2(0)=0

'—7'-2v +2z=sint
{y Y ,y(0)=y’(0) =2(0) = 0

y'+2z'+y =0
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Bai 7.12 Tim bi€n ddi Laplace cidc ham sd sau:

a)f(t) = eX Veos3(t—Dut-1) (t-1)*

O)f(t) = {
0 khi

khiO<t<l1
1 khi t>1

cost

b)f(t) = {t
df(t) = {

sint

Bai 7.13 Gidi cac phuong trinh vi phan

: 2 x t<l
)y -y=1(t);y(0)=0 ; f(t) =
-1 t>1
sint O<t<§
2) y -3y=1(1,y0)=2; f(t) -
1 >t —
2

I n€ul<t<?2

3) y+y=1£(1),f(t)= { , y(0) =0

0 néu t>2

1 nfulO<t<l1

khit>1
O<t<l1

O<t<r

t>nw

4) y’ +y=f(t), f(t)= {-1néul<t<2 ,y0)=y(0)=0

0 néu t>2

T n€ud<t<l1

5) y' -y =1 ,f(t)= {e ,¥y(0) =y (0)=0

0 néut>1
-t+1

6) y +2y=1£, y(0)=0, véi f() = { .

7) vy -y=1(t), y(0)=2 , v61 f(t) =
) vy -y=1), y©) Vo1 f(t) {e'(t'l) Khi

0 khi

8) vy’ +2y=1(t), y(0)=3 , véi f(t) =
)y y =1(t), y(0) Vo1 f(t) {sin2tkhi

t
9) ¥y +y=f(t),y0)=0, y(0)=1,véi f(t) = { |

10)y’+3 f(t) O)=1 G1 f(t) E, khi
= . = , VO1 =
Yoy Y 0  khi

khi 0<t<l1
khi t>1
t khi 0<t<l

t>1

0<t<m
t>m
khi 0<t<l1
khi t>1
0<t<l1
t>1

0 khi 0<t<?2
1Dy -2y = f(t),y0) =2, v6i f(t) =
)y’ -2y = (1), y(0) vGi f(t) {et Wi (22
12)y' 3y =(0). y(0)=2 8i (0 sint khi O<t<m
- = N = , VO1 =
Yoy Y 0 khi t>m

Bai 7.14 Giai ciac phuong trinh tich phan
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t (L ab— (t—7)
a) y(t)=1+42 Isin(t -7)y(r)dr d) x()=4e +3]e x(r)dz

0 0
t t

b) y(t)=2e3 — [e2 " Dy(r)dr e) x(t) =e™+5[[cos2(t—7)x(r)d7
0 0

t
¢) x(t)=e'+4[(t—7)x(r)dr
0

Bai 7.15 Gidi hé phuong trinh : < y(t)=t+ [z(u)du

Bai 7.16 Giai cac phuong trinh vi phan:
a) y9’7_3y’7+3y7 —y= tzet , y(O) =1, y’(O)z 0 R y’7(0) = —2-
b) y -3y 43y’ —y =", y(0) =A, y’(0)=B, y"’(0) = C.

Bai 7.17 Mot chat di€ém chuyén dong trén dudng thing sao cho d6 ddi x tir mot di€m cd
dinh O vao lic t dugc cho bdi: x" +4x’+ 5x = 80sin 5t

a) Tim x(t) biét lic t =0, chi't di€ém ding yén § x = 0.
b) Tim bién dd, chu k¥ va tan sd sau mot thdi gian dai.
Bai 7.18 Dong dién i(t) trong mach ndi ti€p RL thda phuong trinh vi phan :

L% + Ri = E(t) (volts) ; i(0) = 0, R, L I ca¢ hiing s6.

a) Tim i(t) n€u E(t) = Eqcosmt , ® 12 hiing s6.

. 10t , 0<t<5
b) Tim i(t) n€u E(t) =
) © © { 10 , t>5

Bai 7.19 Cho mach dién RLC nhu hinh vé& va biét i(0) = 0.

=\
Er
2h .02 1d

MWW
16 ohms

a) Cho E = 300 (volts) . Tim i(t) , t > 0.
b) Cho E = 100sin3t (volts) . Tim i(t) , t > 0.
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Bai 7.20 Cho mach dién RC nhu hinh v& va bi€t i(0) . Tim i(t) trong hai trudngng

hgp sau:
-
=
2R c==
a) Cho E = E, (volts) . b) Cho E = E, e™ (volts) .
Bai 7.21 Cho mach dién nhu hinh vé& va biét 1;(0) = i,(0) = 0.
30 obms 110 volts
P J
10 ohms :) 2 henrys 1, 1
NP \WWW—eeed (00 =i K
20 ohms D 4 1%
-l-! ’ —-_l-l.AAA.A'A.‘.L fm\— L

Ap dung dinh luat Kirchoff , tim i,(t) , = ix(t).
BAI TOAN TRUYEN NHIET

Dinh ludt truyén nhigt ciia Newton (Newton’s law of cooling)

Van t6c ngudi lanh hodc néng 1&én clia mot vat trong moi trudng ty 1& véi hiéu giita nhiét
dd cua vt va nhiét do moi trudng xung quanh. Tic 1a,
néu goi
T = T(t) 1a nhiét d6 ctia vat theo thdi gian
T 12 nhiét dd moi trudng
k12 hé sty 16
thi
dT
—=k(T-T
o (T-T,)
Bai 7.22 Mot x4c chét duge phat hién vao lic 15 gid ngdy thi hai trong mot nha kho c6
nhiét do 12 50°F . Nhiét do xdc chét khi dudc phat hién 12 80 °F va 20 phit sau gidm xudng
78 °F. Biét nhiét dd clia mot ngudi sdng trung binh 1a 98.6 °F, 4p dung dinh luat tda nhiét
cia Newton, hdy xdc dinh ngdy gid ma ngudi ndy chét.
Bai 7.23 Van t6c ngudi lanh ctia mot vat trong khong khi ty 1& v6i hiéu gitta nhiét
dd ctia vat va nhiét d6 cda khong khi. Ap dung bién d6i Laplce tim quy ludt nguoi
lanh clia vat n€u nhiét do ctia khong khi 12 20° va sau 20 phiit nhiét do clia vat
gidm tr 100°c xudng 60°c. HAi sau bao 1au nhiét do clia vat gidm t6i 30°c.
Bai 7.24 MAt 15 phit dé nhiét do cia mot vat ting tir 10°% 1én 20°% trong mot cin phong
c6 nhiét do 1a 30°% . Theo dinh luit tda nhiét cia Newton, phai mat bao lau dé vat d6 ting
nhiét do tir 20°¢ téi 25°¢?

# Bai toan dan s6 ( population growth)
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Bai 7.25 Cac nha dan s6 hoc cho rang quy luat ting dan sb P(t) theo thoi gian t thoa

phuong trinh vi phéan sau:
ap _
dt

Trong d6 thoi gian tinh theo don vi nam, r 1 ty 18 ting dan s6 hang nam.

rP

O nuéc ta, trong giai doan 2010-2020, du kién ty 1¢ tang dan ) trung binh hﬁng nam la 1%
va dan sd vao nam 2012 s& vao khoang 88 triéu ngudi. Hoi d€n nim 2020, dan s6 nudc ta
khoang bao nhiéu ngugi?

# Bai toan di cw din s6 (Emigration from a population)
Bai 7.26 Gia sir dan s6 ciia mot cong dong tang theo quy luat ham mii voi ty 16 tu
nhién la r va E(t) cong dan di cu khoi cong dong tai thoi diém t, do do:
ap _
dt
Giai phuong trinh xac dinh dan sb tai thoi diém t trong mdi truong hop sau:
a) r=0.03, E(t) =10t, P(0) =100.00
b) r=0.015, E(t) = 200e™, P(0)=250.000

rP-E

# Bai toan nhap cw din sé6 (Immigration to a population)

Bai 7.27 Gia st dan s6 ctia mot cong dong dan cu 1a P(t) tang theo quy luat ham mii
voi1 ty 1€ tu nhién r va I(t) cong dan nhap cu vao cong dong tai thoi diém t, do do

dP
—=rP+I(t
m )

Gidi phuong trinh vi phan tmg véi r = 0.02, I(t) = 100e™, P(0) = 300.000 , t c6 don vi
la nam.

Mo hinh gid cd hai hoa, mé hinh ty diéu chinh gid (price adjustment model)

Bai 7.28 Do bién thién vé gid clia sdn phdm tai thdi di€m t ty 1& vdi hiu giita lugng ciu
va lugng cung. Ttic 13, néu p = p(¢) 1 gid clia sin pham tai thdi di€m t thi

ap _ _
T k(D(r) - S(1))

trong dé k 12 hing s& duong va D(¢), S(f) 1an lugt 1a lugng cAu va lugng cung tng véi
gid p=p(t). Hay xdc dinh gid p=p(t) bi€t k=0.02, D@)=3+7e™", S(t)=2+ p(1),
p(0)=4 (donvitinh: USD). Gia cda sdn phdm s& nhu thé niao sau khodng thdi gian t dd
16n?

Bai 7.29 (thoi gian t tinh bing thiang, gi4 p tinh bing USD)

Biét gid p = p(t) cia mdtloai sdn pham tai thdi di€m t thda phuong trinh vi phan
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p'+5p'+6p=te” +100, p(0)=90 p'(0)=1
a) Giai phuong trinh vi phin trén.
b) Xdc dinh gid clia san pham sau khodng thdi gian t dd 16n.

Bai 7.30 (Resale value problem)
Gia tri bdn lai r(t) clia mdt mdy sau t nim s& gidm vdi toc do ty 1& vdi hiéu giita gid tri
hién tai va gid tri ph€ liéu cia mdy. Tic 1a, n€u S 12 gid tri ph€ liéu cia mdy thi r(t) thda
phuong trinh

dr Zy* BN Y AN L2 A

pr —k(r—S), véi k =const >0 12 hing & ty 1é
Gia stt r(t) 1a gid tri chi€c mdy tinh clia ban sau t nim k& tir ngdy mua va r(t) thda phuong
trinh (1). Tim r(t) bi€t gid tri mua mdi cia mdy 1a 16 triéu dong, gid tri 2 nim sau 12 6
triéu va gia tri ph€ liéu S = 0.5 triéu dong.
Bai 7.31 (Resale value problem)
Gia tri bdn lai r(t) clia mdt mdy sau t nim s& gidm véi toc dd ty 1& vdi hiéu giita gid tri
hién tai va gid tri ph€ liéu cia mdy. Tic 12, n€u S 12 gid tri ph€ liéu clia mdy thi r(t) thda
phuong trinh

dr 4y N Y AN 2 1A

Ez—k(r —S), v6i k =const >0 1a hiing 6 ty 1¢
Xéc dinh r(t) bi€t gid tri mua mdi clia mdy 1a $16.000, gia tri 2 nim sau I1a $8.000 va gid
tri ph& liéu S = $500.

Bai 7.32 (bai todn din sé'- population growth)
Gia sir dan s6 P(t) (don vi 12 triéu ngudi) ciia mot cong dong ting theo quy luat ham mil véi
ty 16 ty nhién larva E(t) (don vi triéu ngudi/nim) cong dan di cu khoi cong dong tai thoi

diémt, 1(t) (donvi triéu ngudi/ndm) cong dn nhap cu vao cong déng tai thoi diém t. Tic 13,
P(t) thod phuong trinh vi phdn

dpP
—=rP-E@®)+I(t
ot O+ 1)
Giai phuong trinh xac dinh dan s6 tai thoi diém t (don vi 12 nim) trong truong hop
r=0.01, E(t)=0.05e™", 1(t)=0.01,P(0) = 90 triéu

Bai 7.33 Tim dnh ctia cdc ham gdc:

' t
a) f(t) =5-3e " +8 12 ch2t b) f(t) = u(t —%) sin(t —%) + [ cos3udu
0
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t t
c) f(t)=u(t-5)sin(3t—15)+t j e cosudu d) f(t)= sin’t+ticht+ je-z“-“’ sin 3udu
0 0

Bai 7.33
1
a)Khai tri€n Laurent ham F(p) = e” —1—l quanh di€m bat thudng c6 1ap p = 0.
p

Tim gbc cia ham dnh F(p).
b) Khai trié€n Laurent ham F(p) :%COS% quanh di€m bat thudng co6 lap p = 0.
Y

Tim gdc ctia ham anh F(p).
1

2

c) Khai trién Laurent hAm F(p) = Lz(ln(uiz)— J quanh di€m bat thudng c6 1ap
p p

p =0. Tim gbc cia ham 4nh F(p).
Bai 7.34 Tim gbc cda cdc ham 4nh:

a)F(p) = p-+p+l b)F(p)zé[ep—lJ

(p*—6p+13)(p-1)°

p>+2p+5 s
¢)F(p) = +eP -1
(p* —4p+29)(p-1)

Bai 7.35 Ap dung phép bién d6i Laplace gidi phuong trinh tich phan:

t t
a) y(t)= - 3cos2t+10 j y(u)cos3(t—u)du b) y(t)= sindt+3e” +2 I y(u) cos(t —u)du
0 0

o) y(t) =667 +2 j y(U)cos 2(t — u)du d)y(t) =e +sin3t+2 j y(U)cos 2(t —u)du

Bai 7.36 Ap dung phép bién ddi Laplace giai phuong trinh vi phan
a)y” -4y’ +20y = > +6sin3t, v6iy(0)=0,y’(0) =1

b)y’ -6y +25y=3e" +3t, véiy(1)=0,y’(1) =1

C)y’’ +6y’ + 25y = e~ +e” + 3sindt- cosdt, v6iy(0)=0,y’ (0)=0

d) y’- 3y = 2+ u(t-n) e*“ (1) vdi diéu kién ban ddu y(0) =3

0, O<t<m .
ey’ -2y’ -3y = v6iy(0) =0,y (0)=2
cos2t, t>n

Bai 7.37 Ap dung phép bié€n ddi Laplace gizi hé phuong trinh vi phan
X'-Sy=cos3t o .
a , véidieu kién x(0)=0, y0)=1
X+Yy'-6y=2
X'+4y =sint
b){ y

v6i diéu kien x(0)=0, y(0)=0
X+y4+3y=e

2t

|_2 — -3t .
o) 17V =% (6i didu kien x(0) =3, y(0) =2
y'+2x =3t
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PHAN BAI TAP TRAC NGHIEM

Chuong 1 SO PHU'C VA MAT PHANG PHUC

TRAC NGHIEM DPUNG SAI
Cau 1 Gi4 tri chinh cda argument ciia mot s6 phic z # 0 1a duy nhat.

Cau 2 (cospztising)" = cosng = isinng, VneZ.

Cau 3 Cho hai so phtc khdc 01a z; =ri(cos@; +1 sinQ;) ; zo = ra(cosez +isingy) . Khi do :

=1,
71 =7) &

O, =0,
Cau 4 Cho hai s6 phitc khac 012 z; = ri(cos@; +i sin@y) ; z, = ra(cos@, +ising,). Khi d6 :

r =r
71 =71 =
Q1 =0, —2kTC,k€Z

Cau5 Cho z; = 1'%, z,=1e'? I hai s6 phic khac 0.. Khi d6

rn=r
71 =172y &

P =,

CAu6 Cho z; = 1'% , z,=r.e'? 12 hai sd phiic khdc 0. Khi dé

I =1
71 =17) &
¢®1 =0, —2kn,keZ

Cau7 VG6iz#0 va [z/=r thi 8z 6 tAt cd n gid tri va ching c6 bi€u di&n hinh
hoc 1a n dinh clia mot da gidc déu n canh ndi ti€p dudng tron tAm 0 bdn kinh 1a
Wr .
Cau 8 Cho s6 phitc z = r(cos + ising) # 0. Khi d6 cin bac n cia z 1a

Nz = ”\/F(cos%kzﬂ+ i sin ¢)+nk27r );k=1,2,..,n ; nla s6 nguyén duong.

Cau 9 Cho s0 phic z = r(cos + ising) # 0. Khi d6 cdn bac n cla z 1a

1z = %(cos(p_—m+ isinw_—m); k=0, 1,...n-1; nla s6 nguyén ducng.
n n

10 N&u Rez#0 thi Re(z") #0.
1 Néu Imz#0 thi Im(z") #0.

Q
=

a

@)
O
=

[

@)
o>
=

12 Cho ba s& phitc khdc 0 12 z; = ri(cos@; +i sing); z» = r2(cos@, +ising,)

73 = r3(cos@s +i sing;) = 0 . Khi d6:
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Z,.Z r,.r ..
22— 12 [eos(py + 9, — i) +isin(p, + 9, —py)]

Z3 I3
Caul13Cho z; =1 el(pl , Zp= rzel(pz 12 hai s6 phitc dang mil kh4c 0. Khi do:

EETARS
P =P

PHAN TRA C NGHIEM LUA CHON
( Chon mottrong 4 cau: A, B,C,D)
Cau 14 Khai cin bac bdn sd phitc z =1 ta dugc:

A)#=+1. B) 41 =-1.
o =1. D) 41=+1vat]
Cau 15 Khai ciin bac bdn s6 phiic z = 16 ta dugc:

A) {16 =2. B) /16 = -2.
C) 416 =+2 va +2i D) 416 =2;2i

Cau 16 Cho z 12 mdt s6 phitc . Khing dinh nio sau day ding:

A)\/zizz\z\ . B)\/zizziz

C) V22 =z D)Ci A,B,C déu ding.
Caul7 Tir ding thic (1+iv3)]" =a+ib , véia va bla hai s thye , ta duge :
a) a=1,b=\/§ c) a=-219,b= \/5.219

b) a=2, b= 243 d) a=2", b= +/3.2%

Cau 18 Khing dinh ndo sau day ding :
A) |Z1|= |22| Sz, =1z,.

B) |z1 +z2|: |Z1|+ |z2|.

O) bt ~a|= [z -]

D) [z,|= |z,|=r khi va chi khi z; va z, ciing thudc dudng tron tdm 0 ban kinh r.

Cau 19 Tap hdp nghiém cda phuong trinh z° = 9e'™***" (k1a s6 nguyén) la:

A) {3i, -3i) B) {9i} C) {-3i} D) {3, -3}
Cau20 Tép hop nghiém cia phuong trinh z> = 49e'™***" (k14 s6 nguyén) la:

A) {7i, 71} B) {7i} C) {-7i} D) {7, -7}
Céu 21 Tap hop nghiém cua phuong trinh z? =e*” 1a
A) D B) f*.—¢] C) %€ D) {ize,-i2e)

Céau 22 Tap hdp nghiém clia phuong trinh z' = 16e"™**" (k1a s6 nguyén) la:
A){2i,-2i} B){-2.2} ©){-2,2,2i,-2i} D){~2+iv2, V2-iv2,-V24i42,-v2-iV2}
Cau_23 Tap hop nghiém cua phuong trinh z° =8e*'** 13
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A) e 2e’(1+i4/3),26*(1-13)} B) {2e”,6” (1+14/3)]

) f2e?,e* (-1 +iv/3),e* (-1-iv3) D) {2¢?
Cau 24 Tap hdp nghiém cia phuong trinh z*' = 81e™ (k1a s6 nguyén) la:
A) {-3, 3, 3, -3i} B) {3i, -3i}

C){-3,3} D){3~2 +i3+2 32 -i3+/2 ,-34/2 4342, -34/2 -i34/2 }

Cau 25 Céc cin bac 3 cua sb phic z = 4(1+ I\/g) la

N k27 N k27
A) 2| cos 3 3 +1isin 3 3 (k =0,1,2)

ﬂ-l—kZﬂ' ﬁ-l—kZﬂ'

B)2 cos%ﬂsin% (k=0,1,2)

2—7[+k27r 2—ﬂ+k27r

C) 2| cos 3T +1isin 3T (k = 0,1,2)

NGy NGy
D)2 cos%ﬂsin% (k =0,1,2)

-2

Cdu 26 Cho céc sO phic z = Y +e* . Khi do.
-2i
A) Rez = e +cos2, Imz = e + sin2 e e .
o2 5 C) Rez= ? + cos2, Imz = + sin2
B) Rez = ? + cos2, Imz = - sin2

D) Rez = e+ cos2, Imz = 2¢? +sin2

Cau_27 Phan thyc va phan 4o clia s phitc z = 12+ 3_| —i+e” la:

+1
A)Rez =1 + cos3, Imz = -sin3 C)Rez =1+ cos3, Imz =2 — sin3
B) Rez =1 + cos3, Imz = sin3 D) Rez=1 - cos3, Imz = -2 — sin3

Cédu 28 Cho s6 phifc z = r(coso + ising) # 0. Khing dinh nio sau diy sai?
A) Vz= W(costzﬂ+ isin2 " k27 ); k=2, 3,...,n+1; nla sd nguyén duong.
n n

-k2 . . -k2 .
B) 2/_ :%/;(cos¢—ﬂ+1s1n¢—ﬂ); k=0, 1,....,n-1; nla s6 nguyén duong.
n n

C) (cosg + ising)™ = cosn2¢ -isinn2¢ . D) N€u Rez#0 thi Re(z")# 0. Néu Imz # 0 thi
Im(z") #0.

Cédu 29 Khing dinh ndo sau diy sai?

A) (cosp +ising@)" = cosng *isinng, VneZ. B)Phuong trinh e’=2014e" vo nghiém.
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. i i r=r
C) Cho hai s8 phic khac 012 zi =11 e 1, zz=r2@ 2.Khid6:z1=20 <4 ' 2
@, =@, ¥2kz

D) [r(cosptising)]” = r"(cosng * isinng), VneZ.

Cau 30 Trong mit phing phitc cho cic tip hdp diém E = {Z :|Z -1- i| = |Z —2},
F= {Z :|Z —2+3i| < 3}. Khdng dinh nao sau day sai?
A) Tap E khong bi chin va F Ia tip | C) Téap E la tdp khdng bi chidn.

compact. D) Tap F 1a hinh tron dong tdm 2-31 ban
B) Tap F 1a hinh tron déng tim -2+3i ban kinh bing 3.

kinh bing 3.

Cau 31 Trong mit phiang phiic cho cdc tip hdp di€m E = {Z /|Z—Zl| = |z—z2
F= {Z |z-1+i[<9 }. Khdng dinh nao sau day sai?

S AN

A)Tap F la tdp compact. C) Tap E 1a tap khong bi chén.

B) Tap E la dudng trung truc cla doan thing | D)T4ap F 13 hinh tron déng tdm -1+ bdn
ndi z; v6i zo. kinh bing 9.

Cau 32 Trong mit phing phitc cho cdc tip hgp diém E = {Z :|Z -1+ i| = |Z -2 },
F= {Z |z-2+3i< 16}. Khdng dinh nao sau ddy sai?

A) Tap E khong bi chin va F la tdp | C) Tap E la tdp khong bi chin.

compact. D) Tép F 1a hinh tron déng tdim 2-3i bédn
B) Tap F Ia hinh tron dong tam -2+31 béan kinh bing 16.

kinh bing 4.

)

Cau 33 Trong mit phing phic cho cdc tip hdp diém E={Z:|Z—1+i|=|z—4
F= {Z :|Z—2—3i| S3}. Khdng dinh nao sau ddy sai?

A) Tap E khong bi chdn va F1a tap compact.
B) Tap FIa hinh tron déng tim 2+3i ban kinh bing 9.
C) Tap Fla hinh tron déng tim 2+3i bdn kinh béing 3.
D) Tap E la dudng trung truc cia doan thing nSi 1+i védi 2.
Cau 34 Trong mit phing phiic cho cic tip hgp diém E = {Z : |Z -1+ i| < 3},
F={z Hz-3+4i
A) TapE la hinh tron déng tAm 1—i ban kinh biang 3.
B) Tap FIa hinh tron m& tAim 3 —4i bdn kinh bing 5.
C) CiéctapE va Fdéula cdc tap lién thong.
D) Tép E la tap bi chidn (gidi ndi).

> 5}. Khdng dinh nao sau ddy sai?

Cau 35 Trong mit phing phic cho cic tip hdp di€m E= {z z+1-i|=]z-3+i },
F= {z:|z—3—2i
A) Tap F1a hinh tron déng tdim 3+ 2i bdn kinh bing 4.
B) Tap E la dudng trung truc ctia doan thing ndi hai di€m —1+i va 3—i.
C) Ciactap E va Fdéula cdc tip lién thong.
D) HaitapEva F déu 1a tap bi chdn (tap gidi ndi1).

< 4}. Khdng dinh nao sau day sai?
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Cédu 37 Khing dinh nio sau day sai?
A) (cosp +isin@)" = cosne *isinng, VneZ. B)Phuong trinh e“=2016.7" vo nghiém.
n=r,

’ i i
C) Cho hai s6 phitc khdc 013 zi=r1 @ |, zo=r2e 2.Khid6: 2 =2, <
P, =@ = 2kz

D)[r(cosp Fising)]" = r"(cosng ¥ isinng), VneZ.

Cdu 38 Cho cic so phic zy =a; +ib; , zp = a, + iby. thmg dinh nao sao day sai?
A) 1tz = (ali az) +i(b1 + bz)

B) z1. 2> = (ajaz —biby ) +i(a;bs +azby)

2y _ (a,; +iby)(a, —ib,)

C) , véi Zzio.
z, a% +b§
D) z;+1-i=2, &

Churong 2 HAM BIEN PHUC

TRAC NGHIEM PUNG SAI

Cau 1 Né&u cdc ham thuc u(x,y), v(x,y) bi chin trén mién D thi ham phic
f(z) = u(x,y) +i v(x,y) bi chin (vé mudun) trén D.

Cau 2 Né&u ham phic f(z)=u(x,y)+iv(x,y) bi chin (vé mudun) trén D thi cdc ham
thuc u(x,y), v(x,y) bi chin trén mién D.

Cau 3 N&u cic ham thuc u(x,y), v(x,y) c6 gidi han khi (X,y) = (Xo,Y,) thi ham phifc
f(z)=u(x,y)+iv(x,y) c6 gidihan khiz — z, = X, +iy,.

Cau 4 N€uham phitc f(z)=u(x,y)+iv(x,y) c6 gidihan khiz —> z, = x,+iy, thi cdc
ham thuc u(x,y), v(x,y) c6 gidi han khi (x,y) = (X,,Yyo) -

Cau 5 Né&u cdc ham thuc u(x,y), v(x,y) lién tuc trén mién D thi ham phic
f(z)=u(x,y)+iv(x,y) li€n tuc trén D.

Cau 6 Né&u cdc ham thuc u(x,y), v(x,y) khdng lién tuc trén mién D thi hAm phifc
f(z)=u(x,y)+iv(x,y)cling khong li€n tuc trén D.

Cau 7 N&u ham phic f(z)=u(x,y)+iv(x, y) khong lién tuc trén mién D thi cdc ham
thuc u(x,y), v(x,y) khong lién tuc trén mién D.

PHAN TRAC NGHIEM LUA CHON
( Chon mot trong 4 cau: A,B,C,D)

Cau 8 Ménh dé nao sau day sai?
A) Néu cédc ham thuc u(x,y), v(x,y) khong lién tuc trén mién D thi ham phifc
f(z)=u(x,y)+iv(x,y) cling khong lién tuc trén D.
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B) Néu ham thyc u(x,y) khong lién tuc trén mién D thi ham phic
f(z)=u(x,y)+iv(x,y) cling khong lién tuc trén D.

C) Néu ham thyc v(x,y) khong lién tuc trén mién D thi ham phic
f(z)=u(x,y)+iv(x,y) cling khong lién tuc trén D.

D) Né&u ham phitc f(z)=u(x,y)+iv(x,y) khong lién tuc trén mién D thi ham u(x,y)

khong lién tuc trén mién D.

zRez .
, khiz#0 ) . , ) )
Cau9 Chohamsd f(z) = |Z|2 , V61 A 1a hing s0. Khang dinh nao sau
A khiz=0

day dung?

A) Ham f(z) lién tuc tai 0 khi A = 0.

B) Ham f(z) lién tuc tai O khi A = 1.

C) Ham f(z) lién tuc tai O khi A =-1.

D) Ham f(z) khong lién tuc tai O v6i moi A.

Cau 10 Khing dinh nao sau day ding?

A) Phuong trinh e* =-5 v6 nghiém.

B) Phuong trinh sinz =7 v6 nghi€m.

C) Phuong trinh sin’z — 5sinz + 6 = 0 v6 nghiém.
D) C4 A, B, C déu sai.

Cau 11 Anh ciia duong thing y = x qua phép bién hinh w=- =u +iv 1a
z

A) dudng thingu=v. C) nita dudng thiang u=v, véi v > 0.
B) dudng thang u = -v. D) nita dudng thang u = -v, véi v < 0.
Cau 12 Anh cua duong thing y = -x qua phép bién hinh w= 3L =u+tiv la
Z
A) dudng thang u =v. C) nita dudng thang u=v, véi v > 0.
B) dudng thang u = -v. D) nita duding thang u = -v, véi v < 0.
Cau13 Anhcla dudng thing y = % qua phép bi€n hinhw = e ™*? =u+iv 1a
A) dudng thing u = 0. tia argw = /2.
B) tia argw = -1/2. dudng thing v = 0.
Cau 14 Anh cua dudng thing y = 0 qua phép bién hinh w = > ** =u+iv 1a
A) Puong tron u® + v = e* C) Puong thang v =0
B) Puong tron u® + v* = > D) Buong thangu =0
Cau 15 Anh cua dudng thang y =0 qua phép bién hinh w=e*"? =y +iv 1a
A) dudng thang u = 0. C) dudng tron v’ + v = e°.

B) dudng tron u® +v* = e’. D) dudng thang v = 0.
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1- 2iz

Cau 16 Anh cua duong thang y = 0 qua phép bién hinh w =e =u+iv la
A)Puong thing u=0 B) Puong thing v =0.
C) Puong tron v’ + v = ¢’ D) Buong tron u” + v? =1

Cau 17 Anh cua dudng tron x> + y*> =4 qua phép bién hinh w=z*> =u +iv 1a
A) dudng tron u® + v* = 16. B) duding tron u® + v = 8.
D) dudng tron u’ + v> = 64. D) dudng tron u® + v> = 4.

1+ 3i

Cau 18 Phan thuc va phian 4o clia ham phiic f(z)=u(x,y)+iv(x, y)=ﬁ— i° +e*
la:

A u(x, y)=—1+e>*cos3y, v(x,y) =e*sin3y

B) u(x,y) =1+€>cos3y, v(Xx,y) =e>*sin3y

C) u(x,y)=e>cos3y, v(x,y) =e*sin3y

D) u(x,y)=-1+e*cos3y, V(x,y)=-e"sin3y

Céau 19 Phan thyc va phan 4o cia ham phic f(z) =%+ e =u+iv la:

A)u=2+e’cosx, v=2-¢e’sinXx C)u=4+eVcosx, v=4—-e"?sinx
B)u=2+e’cosx, v=2+e’sinx D)u=4+¢e’cosx, v=4—¢”’sinX

1+1 . \
Z =u+iv 1a

Cau 20 Anh cta dudng thang y = -1 qua phép bién hinh w = ¢
A)Puong tron u® + v* = e* B) Pudng thing v =0.
C)Puong tron u” + v> = e’ D) Puong thang u =0
Céu 21 Khing dinh nao sau diy sai ?

A) Him w = ¥z 12 hAm nim tri .

B) Him w = 12 ham don tri x4c dinh trén toan mit phing.

722 +1

C) Ham phiic f(z) = u(x,y) +i v(x,y) bi chin (vé mudun) trén mién D khi va chi khi
cdc ham thuc u(x,y), v(x,y) bi chin trén mién D

Cho ham bi€n phiic f(z) = u(x,y) +iv(x,y), zo = Xo +iyo va gid st cdc gi6i han déu ton
tai. Khi d6: lim f(z) =limu(x,y)+ ilimv(x,y)

7Z—>7Zo X—Xq X—Xq

Y=Yo Y—=Yo

Cau 22 Cho ham phtc f(z) = ze* = u + iv ¢6 phan thyc va phan 4o la:
A) u = xe'siny + ye*cosy , v =xe*cosy - ye'siny
B) u=xe"cosy - ye'siny , v = xe*siny + ye*cosy
C) u=xe’cosy , v=-ye'siny

D) mot két qua khéc.
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Chuong 3 DAO HAM CUA HAM BIEN PHUC
TRAC NGHIEM PUNG SAI

Cau 1l Ham phitc w = f(z) gidi tich trong mién D khi va chi khi f(z) c6 dao ham tai
moi z trong D.

Cau 2 Ham phifc w = f(z) gidi tich tai diém z, khi va chi khi f(z) c6 dao ham tai
diém z,,.

Cau 3 Cho ham phic f(z) = u(x,y) +iv(x,y). Néu ham f(z) khd vi tai z, = x,+y, thi
cdc ham u(x,y) , v(x,y) thda diéu kién Cauchy — Riemann (C-R) tai di€m (x,,y,) .
Cau 4 Ham phitc w = f(z) giai tich tai di€m z, khi va chi khi f(z) gidi tich trong mot
mién md nao d6 chia diém z,.

Cau 5 Cho ham phitc f(z) = u(x,y) +iv(x,y). N&u cdc ham u(x,y) , v(x,y) thda diéu
kién Cauchy — Riemann (C-R) tai di€m (X,,y,) thi f(z) kha vi tai z, = Xo+iy, .

Cau 6 Ham phtic w = f(z) gidi tich trong mién D khi va chi khi f(z) kha vi tai moi z
trong D.

Cau 7 Ham phitc w = f(z) gidi tich tai diém z, khi va chi khi f(z) kh3 vi tai di€m z,.
PHAN TRA C NGHIEM LUA CHON
(chon 1 trong cidc ciu A, B, C, D)

Cau 8 Cho ham phitc f(z) = u(x,y) +iv(x,y). Khang dinh nio sau day sai?

A) N€u ham f(z) gidi tich trén todn mit phflng thi cdc ham u(x,y), v(x,y) diéu hoa va
thda di€u kién Cauchy- Riemann trén toan mit phing.

B) N&u u(x,y) khong 13 ham diéu hoa trén mién D thi f(z) khong gidi tich trén D.

C) N&u v(x,y) khong 13 ham diéu hoa trén mién D thi f(z) khong gidi tich trén D.

D) Né&u f(z) khong gidi tich trén mién D thi ham u(x,y) khong diéu hoa trén D.

Cau 9 Cho ham phic f(z) = u(x,y) +iv(x,y) khd vi tai z = x+iy. Khi d6 dao ham f’(z)
dugc tinh bdi cong thic:
A)P(2) = uy +iv,.
C)f(z)=u, +iv, D) f'(z) =u, +V,

B) f’(z) = u, +iv,

Cau 10 Khang dinh nio sau day sai?

A) Néu cac ham u(x,y) va v(x,y) diéu hoa va théa diéu kién Cauchy — Reimann trén
mién D thi f(z) = u(x,y) + iv(x,y) giéi tich trén mién D.

B) Néu ham phuc f(z) = u(x,y) + iv(x,y) khong kha vi trén mién D thi cac ham u(x,y),
v(x,y) khong kha vi trén mién D. q

C) Néu ham phtrc f(z) = u(x,y) + iv(x,y) kha vi tai diém z = x,+iy, thi cac ham u(x,y),
v(x,y) kha vi va thoa diéu kién Cauchy — Reimann tai (x,,Y,)-
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D) Néu ham u(x,y) khong diéu hoa trén mién D thi f(z) = u(x,y)+iv(x,y) khong giai
tich trén D.

Cau 11 Cho ham phic f(z) = u(x,y) +iv(x,y). Khing dinh nio sau day sai?

A) N&u ciac ham u(x,y), v(x,y) diéu hoa va théa diéu kién Cauchy- Riemann trén
toan mit phang thi ham f(z) gidi tich trén toan mit phing.

B) Né€u f(z) khong gidi tich trén mién D thi ham v(x,y) khong di€u hoa trén D.
C) N&u u(x,y) khong 12 ham diéu hoa trén mién D thi f(z) khong gidi tich trén D.
D) N&u v(x,y) khong 13 ham diéu hoa trén mién D thi f(z) khong gidi tich trén D.
Céau 12 Khang dinh ndo sau day sai?

A)Néu cac ham u(x,y) va v(x,y) diéu hoa va théa diéu kién Cauchy — Reimann trén
mién D thi f(z) = u(x,y) + iv(x,y) gii tich trén mién D.

B) Néu ham phure f(z) = u(x,y) + iv(x,y) khong kha vi trén mién D thi cac ham u(x,y),
v(x,y) khong kha vi trén mién D. q

C) Néu ham phtrc f(z) = u(x,y) + iv(x,y) kha vi tai di€ém z = x,Hiy, thi cac ham u(x,y),
V(g(,y) kha vi va thoa diéu ‘kién Cauchy — Reimann tai (Xo,¥o)-

D)Néu ham u(x,y) khong diéu hoa trén mién D thi f(z) = u(x,y)+iv(x,y) khong gidi
tich trén D.

Cau 13 Khang dinh nao sau day sai?

A)Néu cac ham u(x,y) va v(x,y) diéu hoa va thda diéu kién Cauchy — Riemann trén mién D
thi f(z) = u(x,y) + iv(x,y) gidi tich trén mién D.

B)Néu ham u(x,y) khong di¢u hoa trén mién D thi f(z) = u(x,y)+iv(x,y) khong giai tich trén D.
C)Néu ham phtrc f(z) = u(x,y) + iv(x,y) khong kha vi trén mién D thi cdc ham u(x,y) va v(x,y)
khong kha vi trén mién D. 9

D)Néu ham phtrc f(z) = u(x,y) + iv(x,y) kha vi tai diém z = x,+1y, thi cdc ham u(x,y), v(x.,y)
kha vi va thoa diéu kién Cauchy — Riemann tai (Xo,Yo)-

Cau_ 14 Trong midt phang phtc, cho cac ham sé u(x,y)=3x>-3y>-9y+5,
v=6Xy +9x + 5. Khang dinh nio sau day dung?

A) u, v 1a cac ham diéu hoa lién | C) u, v diéu hoa nhung khong 13 cac ham diéu hoa
hop . lién hop. .

B) udiéu hoa, v khong di€u hoa. | D) v di€u hoa, u khong di€u hoa

Cau 15 Trong mit phiang phirc, cho cic ham sd u=x>—y> +5xy, v=xy> +2x—2y.

Khéng dinh nao sau ddy dang? ‘ ‘

A)u, v 1a cac ham di€u hoa li€n hop | C)v diéu hoa, u khong di€u hoa ‘

B)u diéu hoa, v khong di€u hoa. D)u, v diéu hoa nhung khong phai 1a cac ham diéu hoa
lién hop.

CAaul6 Trong mit phang phirc, cho cac ham sd u = 4x> —4y? +8xy, v=2x>y —2xy>+2y.
Khang dinh nao sau day dung? ‘ ‘
A)u, v la cac ham diéu hoa lién hop | C)u, v di€u hoa nhung khong la cac ham diéu hoa lién
B)u diéu hoa, v khong diéu hoa. hop. ‘

D)v diéu hoa, u khong diéu hoa
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Cau 17 Trong miat phang phic, cho cdc ham s& u=4x>—4y>+10xy,

v =2x>y —2xy’+2x. Khang dinh nao sau diy dtng?

A)u, v 1 cac ham diéu hoalién | C) u, v diéu hoa nhung khong 13 cac ham diéu hoa
hop ‘ lién hop. ‘

B) u diéu hoa, v khong diéu hoa. | D) v diéu hoa, u khong diéu hoa

Cau 18 Trong mit phing phuc, cho cic ham s6 u=2x>—2y> +10xy, v=6X>y—6xy’.
Khang dinh nao sau ddy dung?
A)u, v 1a cac ham didu hoalién | C) v diéu hoa, u khong diéu hoa

hop D) u, v diéu hoa nhung khong 1a cac ham diéu hoa
B) u diéu hoa, v khong diéu hoa. lién hop.

Cau 19 Trong mat phang phitc, cho cac ham s6 U=Xy+X—Y; V=X =Yy’ +Xy.

Khang dinh nao sau ddy dung?

A)u diéu hoa, v khong diéu hoa. B)v diéu hoa, u khong diéu hoa
C)u, v 1a cac ham diéu hoa lién hop D)u, v di€u hoa nhung khéng phai la cac
ham di€u hoa lién hop.

Chuong 4 TiCH PHANHAM BIEN PHUC
TRAC NGHIEM PUNG SAI

Q

du 1 N&u ham phitc f(z) gidi tich trong toan mit phing phic thi §f(z)dz =0, vGi
C

C 1a dudng tron bat ky trong mit phing phitc.

Cau 2 N&u ham f(z) gidi tich trén mién kin don lién bi chin D vdibién 1a C, 7z, 1a
2 ” . 2mi
di€m trong cua D thi § f(z)dz o= 7t1f(n)(zo) ,n=0,12, ...
c(z=zp)"™

Cau 3 Né&u ham f(z) gidi tich va bi chin trong toan mit phang thi né 13 ham hiing.

Cau 4 N&u ham f(z) giai tich trong mién bi chin D c6é bién bao gébm cic dudng

§> f(z)dz= §’ f(@)dz+§f(2)dz 4.t § f (2)dz
c, C, c, C

trong d6 chiéu di trén Cy, C;, Co,........ ,C,ddng thdi cling chiéu kim déng hd.
Cau 5 N&u ham f(z) gidi tich trong mién bi chin D c6é bién bao gébm cic dudng
cong Cy, Cy, C,,........ ,Cy khong thong nhau va Cybao Cy, C,,........ ,C, thi

35 f(2)dz= fﬁ f(z)dz + jS f(D)dz+.eent ff f(z2)dz

CO C C, C

n

trong d6 chiéu di trén Cy, Cy, Co,........ ,C, dong thdi ngudc chiéu kim ddng hd.
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Cau 6 N&u ham f(z) gidi tich trong mién da lién D va C;, C, 13 hai dudng cong bt
ky trong D ¢6 cing di€m ddu va diém cudi thi [f(z)dz = [f(z)dz.
Ci C

Cau 7 Né&u ham f(z) gidi tich trong mién don lién hodc da lién D va C;, C, 1a hai
dudng cong bat ky trong D c6 cling di€m dau va di€m cudi thi If(z)dz = J.f(z)dz.
Ci C

Cau 8 Né&u ham f(z) gidi tich trong mién don lién D va C,, C, 13 hai dudng cong bt
ky trong D ¢6 cing di€m ddu va diém cudi thi [f(z)dz = [f(z)dz.

C C
Cau 9 N&u ham f(z) gidi tich trong mién bi chin D va trén bién C cda D thi
ﬁ; f (z)dz=0, trong d6 chiéu di trén C 12 chiéu Am.
C

Cau 10 Né&u ham  f(z) gidi tich trong toan mit phing phidc thi
ft; f(z)dz

Z—a

=2rif(a).

\z—a\=1

Cau 11 Né&u ham f(z) gidi tich trong toan mit phing phic thi

4 (l;(i)j)zz —27if'(a).
z—al=1

Cau 12 Cho a, b la cdc hing s6 phitc vd C la dudng tron bat ky trong mit
phing phic. N&u hai ham phic f(z), g(z) gidi tich trén tdan mit phing thi
§(af (2)+bg(2))dz=0.

C

PHAN TRAC NGHIEM LUA CHON
( Chon mot trong 4 cau: A,B,C,D)

Cau 13 Khing dinh nao sau diy ding?
A)NEu ham f(z) gidi tich trong mién don lién hoic da lién D va C,, C, 1a hai dudng
cong bat ky trong D c6 cling diém dau va di€m cudi thi If(z)dz = jf(z)dz.
Cl C2

B)N€&u ham f(z) gidi tich trong mién don lién D va C,, C, 13 hai dudng cong bat ky
trong D ¢6 cuing di€ém dau va di€m cudi thi If(z)dz = If(z)dz.

G C
C)N&u ham f(z) gidi tich trong mién da lién D va C;, C, 1a hai dudng cong bat ky
trong D c6 cung diém dau va diém cudi thi jf(z)dz = jf(z)dz.

C C:
D) C3 A, B, C déu ding.
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Cau 14 Cho ham phifc w = f(z) gidi tich trén toAn mit phing v cdc dudng tron

C,:|z-2i=1;Cy:|z42i=1;C3:[z-5=1;C:|z|=9.Pitl= § f(z)dz
& (22 +4)(z—5)>

f(z)dz _ f(z)dz _ f(z)dz ez
1=§; 5 - 2I=§ 5 2I:§ > - > - Khi d6 :
¢ " +4)(z-9) ¢ z°+4)(z-95) ¢ " +4)(z-5)
1 2 3
A) I=1,+; +15 B) I=1, +1,
OL =1 +L +I D) C4 ba ciu A, B, C déu sai.

Cau 15 Cho ham phifc w = f(z) gidi tich trén toAn mit phang va cdc dudng tron

C12|Z—i|=l;C22|Z+i|=l;C3:’Z+3|=l;C2’Z|=2
4 4 4

f(z)dz = § f(z)dz = f‘; f(z)dz
(22 +1)(z+3)? 1 s 22 +1)(z+3)% ? ¢, (22 +1)(z +3)?

Bt1§

L= § — f(z)dz . Khi do :
c, (z" +1)(z+3)
A) I =1 +I, +I B) I1=1, +1, +];
O I=1+L D) Céa ba cdu a), b), c) déu sai.
Cau 16 Cho ham phifc w = f(z) gidi tich trén toan mit phing va cdc dudng tron
Cr:lzmil= ot lztil= & 5 Cyt z43l= 1 C iz | =2 . Pat I= §— f(z)dz
4 4" 4" c(z% +1)(z+3)°
11=jf> . f(z)dz . ;Iz=§ . f(z)dz . ;I3=§ . f(z)dz . Khi dé -
¢, (z°= +1)(z+3) c, (z° +1)(z+3) c, (z° +1)(z+3)
A) I=1, +; +15 B) I=1, +1,
O L =1 +1, +1 D) C4 ba cau A), B), C) déu sai.
Cau 17 Cho ham phitc w = f(z) gidi tich trén toan mit phing va cic dudng tron
Ci: [z-4i}=25Cy: 243i}= 25 Ca:lzl=8:Cy: 24 = 2. Dt L= §— f(2)az ST
c(z°+9)z-5)
1
f(z)dz f(z)dz f(z)dz .
=§ - (2) § ) § (2)d > - Khidé:
¢ (z +9)(z-5)* (z +9)(z - (z +9)(z-5)
2
A) I, =1, +1, +1;5 B)I; =1, +1, +14
O Li=1+, D) C4 A, B, C déu sai.

Cdu 18 Khing dinh ndo sao diy sai?
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A) Ham f(z) c6 dao ham trén toan mat ph;zmg phtic khi va chi khi f(z) gidi tich trong toan
mit phing phic.
B) Ham f(z) = 8z +e°* c6 dao ham trén toan mit phing phitc nén gidi tich trén toan mit

phéng phitc.
) 82+4edz_2m(8+5e ) D) 82+4edz_2m(8+5e )
|2+6i=2 (Z—l) |z2-2i|=6 (Z_l)

Cdu 19 Khing dinh ndo sao dy sai?

A)Ham f(z) c6 dao ham trén toan mit phiang phic khi va chi khi f(z) gidi tich trong toan
mit phing phic.

B)Ham f(z) = 7z+e” ¢c6 dao ham trén toan mit phing phitc nén gidi tich trén toan mit

phing phiic.
7z+e%)d :
o § h;edz—Zm(7+e ) D) %zzm(ﬂe%
\z\z(Z 3) |2-4]=2 (2—3)

Cédu 20 Khing dinh ndo sao diy sai?

A)Ham f(z) c6 dao ham trén toan mit phazlng phtic khi va chi khi f(z) gidi tich trong toan
mit phing phic.

B)Ham f(z) = ze’* c¢6 dao ham trén toan mit phing phic nén gidi tich trén toan mit phing
phtc.

z6°%dz . 26> dz s
O | 5 = 127ie’ D) > =12zie
|z=i|=4 (Z - 1) 231 (Z - 1)
Chuong 5 CHUOI HAM BIEN PHUC
TRAC NGHIEM PUNG SAI

Cau 1l Né€ua la cuc diém cip m ctia ham f(z) thi limf(z) =
Céau 2 N€u a 1a cuc di€m ctia ham f(z) va lim(z—a)" f(z) = A v6i(A = 0,A # ) thi
a 1a cuc diém cAp m cla ham f(z)
Cau 3 Néu a 1a cuc di€m cAp m clia ham f(z)thi a 13 cuc di€m cAp 1 clia ham
g(z) = (z— )" 'f(2)

Cau 4 Néu a 12 khong diém cAp m cda ham f(z)thi a 1a cyc di€m cap 1 clia ham

f(z)

Cau 5 Néu a 1a cuc di€m clia ham f(z) va lim(z—a)™ f(z) # Othi a 13 cuc di€m cap

m ctia ham f(z).
Cau 6 Néu a 12 cuc di€m cla ham f(z) va lim(z—a)"f(z)=0 thi a 13 cuc diém

ciAp < m clia ham f(z)

Cau 7 Néu a 1a di€m bA't thudng bd dudc ctia ham f(z) thi lim f(z) = 0

Z—a
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Cau 8 Né&u a la cuc di€m clia ham f(z) va lim(z—a)™ f(z) =0 thi a 1a cuc diém cap
Z—a

m cta ham f(z).
Cﬁu 9 Ban kinh hoi tu clia chudi liiy thira 1a duy nhat.

CAu 10 Biémz =0 1a cyc diém cdp 2 cla ham phic : f(z) = >3-
Z
A .2 R o . ’ s . cos Z
Cau 11 biém z=01a cuyc di€m cap 2 cua ham phic : f(z) = 3
z

PHAN TRA C NGHIEM LUA CHON
( Chon mot trong 4 cau: A,B,C,D)
Cau 12 Gij st a 1a cyc di€m caAp m clia ham f(z). Khiang dinh nio sau day sai?
A)Khai trién Laurent ciia f(z) quanh a c6 dang:

a a a X )
f(z)=—m 4 “omil oy 2Ly Zan(z —a)" vGia, #0.
z-a)" (z-a)™" z-a 7
B)limf(z)=o0.
Z—a
O)limf(z)=0. D) lim (z—a)"f(z)=A, A#0va A% oo,
zZ—a Z—a

1

Cau 13 Cho ham f(z) = z*e? . Khing dinh nio sau diy sai?
1 1 B) z = 0 1a cyc di€m cdp 2 cla
+ + +...
23 7224 735 f(z).
B)z = 0 1a di€m bat thudng cot y&u cla f(z).

AX(z) =z*+z+ L,
2!
1
D) §zze z2dz=0
‘2—2‘:1

Cau 14 Khing dinh nio sau day sai?
A) Bén kinh hoi tu ctia chudi lily thira (n€u c6) thi duy nhat.
B) Hinh tron hoi tu clia chudi lily thira (n€u cd) thi duy nhi't.
2n+1 +(n+1)n+1

C) Chubi Zﬂ c6 ban kinh hdi tu la R=1im =2
+n n%‘ 2"+n" |
. n6i-z)" , . A . .
D) Chuoi ZWCO hinh tron hoi tu la |z—6||<5.
n=1 +

Cau 15 Khéng dinh ndo sau day sai?
A) Hinh tron hoi tu cdia chudi liiy thira (n&€u c6) thi duy nhat.
B)B4n kinh hoi tu clia chudi liiy thira (néu c6) thi duy nhat.

o0 \n n+1
O)chugi 3 M DEEED. 6 4 kinh hoi t 1a R=limi n+l (+77)
= EA (1477 n+2 |

=7

D)Chudi Z@ ¢6 hinh tron hoi ty 12 |z +8i[< 7.
n=1 +

Cau 16 Khing dinh ndo sau day sai?

A) Né&u a la cuc diém cdp m ciia ham f(z) thi limf(z) =
Z—a
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B) Néu a 1a cuc diém cda ham f(z) va lim(z—a)"f(z) = A v6i(A #0,A #o) thiala
Z—a

cuc diém cdp m ctia ham f(z)

C) z=11a cyc di€m cap 2 clia ham f(z) = %_21)
(z-1)
N - R N 0 R ZeZ
D) z=11a cyc diém cap 2 cua ham f(z) = =
Z f—

Cau 17 Khing dinh nao sau day sai?

A) Né&u a la cuc di€m cidp m ctia ham f(z) thi khai trién Laurent cia f(z) quanh di€m

a

a—m —m+l1

a, & :
ot ———+ Zan(z—a)“ vGia., #0.

acddang: f(z)= .
(z-a)" (z-a)™ z-a 7

B) N&u khai trién Laurent cia f(z) quanh diém a cé dang

+o0
a_ _ e N N . R
f(z)= m__ 4 mtl 4+ + Zan(z —a)" véia., =0 thiala cyc diém

z-a)™ (z-a)™! z—a =

a

cAp m clia ham f(z).

C) Ham £(z) = 2% ¢6 cue di€m don z = 0.
z

D) Ham f(z) = % c63cucdi€mlaz=0,z=1i,z=-i.
z(z° +1)
Chuong 6 THANG DU VA NG DUNG
TRAC NGHIEM PUNG SAI

Cau 1 Néu a la diém bat thudng bd dugc clia ham f(z) thi Res[f(z),a]=0.
Cau2 Né&uala cyc di€ém cdp m (m > 1) clia ham f(z) thi Res[f(z),a]=0.
Cau 3 Néu a la diém ba't thudng cot y&u clia ham f(z) thi Res|f(z),a]#0.
Cau 4 Néua la cuc di€m cap 1 clia ham f(z) thi Res[f(z),a]= 0.

@
o>
=

5 Néu a la cuc di€ém cap m clia ham f(z) thi Res[f(z),a]# 0.

PHAN TRA C NGHIEM LUA CHON
( Chon mot trong 4 cau: A, B,C,D)

Cau 6 Gia sirala cuc diém cdp k cuia ham f(z). Khing dinh nao sau day sai?

A) lim f (2) = oo, lzin;(z—a)" f(z2)=A (v6i 0= A=) B) Res[f(z),a]=0

C) z= ala diém bét thuong bo dugc cua ham g(z) = f(z).(z-a)'
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D)Khai trién Laurent f(z) quanh a co dang

f(z2)= " a‘k“k_1+... 4, +§an(z—a)”V(r,,ia -0
(z-a) ( -a) z-a 15 T

Cau7 Khing dinh ndo sau diy sai?

1
A) z =012 di€m bt thudng cot y&u cia ham f(z) =ze*.

1
B) Re s{zeZ ,0} =—
o
C) z=11a cuc diém cip 1 cta ham f(z)=(z—-1)e*".

1
D) Re s{(z - 1)6; ,1} = % .

Cau 8 Khing dinh ndo sau day sai?

1 1 1

A) §zezdz:2ﬂiRes{zez,O} B) §zezdz:0

‘Z‘zl ‘z—2‘=1

iz iz

) jcosxdx '[ cos xdx Jsmxdx _ 77l Res € il+Res 2e i

Joxr+1 CoxP+l 2 xP+1 z* +1 z°+1
D) jCOSXdX_zniRes © i

JoxP+1 22 +1

Cau 9 Khing dinh ndo sau day diing?

A) | dx = 27iRes ! —2i| +7iRes ! 1
Jx-D(x*+4) (z-1)z>+4) | (z-1)(z* +4)

B[ — % = 2xiRes L 2il+27iRes 1 ~2i
2 x-D(x*+4) (z—-1)(z*+4) | (z-1)(z* +4)
MRes{ ! 5 ,1}.
(z—=1)(z" +4)

S — 27ziRes{ L ,—21} " ﬂiRes{ L ,1}
Jx =1 +4) (z-1)(z> +4) (2-1)(z> +4)

D — =27ziRes{ L ,21} +7ziRes{ L ,1}
2= +4) (z-1)(z +4) (z-1)(z> +4)

i)
Cau 10 bit A= §e(2+1 dz . Khi d6
|2]=2

A)A =0 B)A =2n C)A =2mi D)A =1
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3
Cdu 11 Cho ham f(z) = z’e?. Khing dinh nio sau diy sai?

A) f(2) = 2% 32 +£+i+ 34 L C)z = 0 1 di€ém bat thudng cSt yéu cia
20 231 224 f(z).
3 3 3
B) §zzezdz = Oirx D) §ZzeZdZ:Res[zzeZ,O]
|z-2i|=5 |z-2i]=5

Cdu 12 Khéing dinh nio sau day sai?
A) Né€u a la diém bat thudng cd 1ap cia ham f(z) va lim f(2) =0, lim(z—a)" f(z) = A
z—a z—a

(véi 0# A#o0) thia la cuc diém cAp m ctia ham f(z).
B) Néuala cuc di€ém cip hai ciia ham f(z) thi Res[f(z),a]# 0

. . z+3e”
C) z=5i la cyc diém cdp 2 cita ham f(z) = ———
(z—-51)
z z
D) § 2P 4 g Res| 2T si|=27i(1+3e")
3i-2|=8 (z-51) (z-51)

Cédu 13 Khing dinh ndo sau dy sai?
A) N€u khai triém Laurent ham f(2) quanh diém bat thuong cd6 1lap a c6 dang

+00
f(z)= D a,(z—a)" thi Res[f(z),a]=a_
n=-—0oo
2 3 24
B) f(z) =z’ e%= 7’ + 27° +2z+?+

" +...va z=01a diém bat thudng cSt y&u cla f(z).
Z .4l

3 2 i -~ 4r
®) §Z e?dz==2mi Res| z°e?,0 |= —

|z-2i|=5 3
1 & 1 1
D) Him  f(z)=(z+i)cos—— = -D" nén  thin du
) (2)=(z+) cos—— g( ) i ing
n=0

. 1 . 1
Res{(ZH)cos—_,—l}:——.
Z+1 2

Ciu 14 Khdng dinh nao sau ddy sai?
A)N&u a 1a diém bat thudng c6 1ap cta ham f(z) va lim f(z)=o0, lim(z—a)"f(z) = A
Z—a Zz—a

(v6i 0# A#oo ) thi ala cuc di€m cdp m cda ham f(z).

2z
B)z =41a cuc diém cip 3 clia ham f(z) = -
(z-4)
2z 2z z z
€ . e . .
o ¢ _dz =27i Res| ——— 2 |=4zic' D) § ——dz =24 Res[ : ,3}
|z-4/=3 (z-2) (z-2) |2-3i|=3 z-3 z-3

Cédu 15 Khing dinh ndo sau dy sai?
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A) N€u khai triém Laurent ham f(2) quanh diém bat thuong cd 1lap a c6 dang

+00
f(z)= Zan(z —a)" thi Re s[f(z),a] =a_,

n=—ow
1 - 1 1
B) Him f(z)=(z+1)cos — = -n° nén thin du
) (2)=(z+1) cos—— EO( ) e )™ ing
1 1
Res|(z+1)cos——,-1|=—.
Z+1 2

g 3 24
O) f(z)=2z"e?= 7"+ 277 +22+?+

" +...va z =013 di€m bat thudng c6t y&u cia f(z).
Z .4l

2 2 2 :
D) §(ez+z3ez)dz: §ezdz+ §z3e2dz:2ni Res{z3e2,0}=%ZI

|z-1]=3 |z-1]=3 |z-1=3
2

Cdu 16 Cho ham f(z) =ze?. Khing dinh nio sau day sai?

22 23 24 2
Mf(z) = z+ 2+E+ 3 + TR C) Ziiezdz ~0
B) z=01a diém bat thudng cot y&u ciia f(z). 2

D) §§zeZ dz = Re s[f (z),O]
|z-2i|=5

Cidul7 Khdng dinh nao sau ddy sai?
A)NEu a 1a diém bat thudng cd lap cda ham f(z) va lim f(z) =, lim(z—a)" f(z) = A
Z—>a z—a

(véi 0# A# oo ) thiala cuc di€m cdp m clia ham f(z).
YA

B)z =0 1a cife diém cdp 4 ham f(z) = - o032 O § " d=zie
z 1253 (2= 2)
o e’ e’ e’
D)z =2 1a cyc di€ém cap 3 ciia ham f(z) = -va Res| ———2|= —.
(z-2) (z-2) 2
5
Cdu 18 Cho ham f(z) = z’e?. Khing dinh nio sau diy sai?
A) @) = 224+ 524 5% . 50 N 5° . C)z = 0 1a di€m bat thudng cSt yéu cida
20 23 2’4 f(z).
5 s 23 5 - 23
B) §§zze2dz _ 1750 D) j?zzezdz _ 175
|z-3i|=6 3 |z+3i[=6
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Chuong 7 PHEP BIEN DOI LAPLACE VA UNG DUNG
TRAC NGHIEM DUNG SAI

Cau 1l Né&u ham f(t) lién tuc tirng khiic trén toan truc t va ¢6 badc mii thi ham  g(t) =
u(t)f(t) 1a ham gdc.

Cau 2 N&u f(t) 1a hAm gbc véi chi s6 ting s, thi ham F(p) = Z[f(t)] xdc dinh va gidi
tich trén mién Re(p) > s..

Cau 3 N&u f(t) , g(t) 12 hai hAm gbc va a, b 1a cic hing s6 thi af(t) + bg(t) ciing la
ham goc.

Cau 4 Néu F(P), G(P) 1a hai ham 4nh va a, b 12 cdc hiing s6 thi aF(p) + bG(p)
cling 1a ham anh.

Cau 5 Né&uf(t)1a ham gbc va a >01a hiing s6 thi f(at) cling 12 hAm goc.
Cau 6 Né&u f(t), g(t) 1a hai ham gdc thi tich f(t)g(t) ciling 1a ham goc.

Cau 7 N&u f(t), g(t) 1a hai ham gdc c6 chi s6 ting 1an ludt 1a s;, s, thi f(H)*g(t) 1a
ham g6c c6 chi so ting 1a max {s, s, }.

0 ,t<a
Cau8 Hamf(t)={l ,a<t<b ,vSi 0<a<b, c6 thé viétlai nhu sau
0 ,t>b

f(t) = u(t-a) — u(t- b)

PHKN TRziC NGHIEM LUA CHON
(chon 1 trong cac cau: A,B,C,D)

Cau 9 Gia st Z[f(t)] =F(p), Z[gt)] = G(p) va a, b 1a cidc hiing s6 . Khing dinh
nao sau day sai?

A)  Z[af(t) + bg(t)] = aF(p) + bG(p) C) <Z[f(t-a)u(t-a)] = e PF(p), a>0
B) Z[f(v g®] = F(p) G(p) D) Z[f(v *g(©] = F(p) G(p)
1 , 0t<»x

Cau 10 Ham f(t) = <sint , 7<t<2z c6 thé viétlai dudi nhu sau:
t, t>27

A) f(t) = u(t) — u(t-n) + sint [u(t-7) - u(t-2m)] + t u(t-2m7)
B) f(t) = u(t) — u(t-n) + sin(t-w)u(t-w) - sin(t-27) u(t-2m)] + t u(t-2m)

O) f(t) = u(t) — u(t-n) + sin(t-mw)u(t-m) - sin(t-2m) u(t-2m)] + (t-27) u(t-27) + 2n
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D) C4 A, B, C déu diing.

Cau 11 Cho Z[f(t)] = F(p), Z[gt)] = G(p) , Z[h(t)] = H(p) . Khing dinh nio sau
day sai?

A) Z'[ F(p).G(p).-H(p)] = f(t)*g(t)*h(t)

B) Z'[ F(p)G(p) + F(p)H(p)] = f()* [g(t) + h(1)]
C) Z'[ F(p) + G(mH(p)] = f(t) + g(H)h(t)

D) Z™'[ F(p) + G(p)H(p)] = (1) + (g(t) *h(1))

Cau 12 Cho Z[f(t)] =F(p), Z[gt)] = G(p) , Z[h(t)] = H(p). Khing dinh nio sau
day sai?

A) Z'[ F(p).G(p)-H(p)] = f(t)*g()*h(t)

B) Z"'[ F(p)G(p) - F(p)H(p)] = f(1)* [g(t) - h(1)]
C) Z'[F(p) - G(p)H(p)] = £(1) - (g(t) *h(1))
D) Z"'[ F(p) - G(p)H(p)] = (1) - g()h(1)

Caul3 Gid st Z[f(t)] =F(p), Z[g(t)] = G(p) va a, b 1a cdc hiing s6 . Khing dinh
nao sau day sai?
A) Z[af(t) + bg(t)] = aF(p) + bG(p) C) Z[f(t-a)u(t-a)] = e ’F(p), a>0

B) 2 {F(Bﬂ = f(at), o> 0. D) L] =-F(p)
o

Cau 14 Gia st Z[f(1)] =F(p), Z[gt)] = G(p), Z[h(t)]=H(p) va a, b 1a c4c hiing
s6 . Khiang dinh nio sau day sai?

A) Z [ (v *g(0] = F(p) G(p) C) 7 '[aF(p)+bG(p)-H(p)]=af(t)+bg(t)-h(t)

t t
B) Z [ F(p) G(p)] = f(u).g(t—u)xdu | D) £ [ F(p) G(p)] = g(w). f (u—t)du
0 0

Cau 15 Gia st Z[f(t)] = F(p), £ [g(t)] = G(p) va a, b 1 cac hing s6. Khang dinh nao
sau day sai?

A) Saf(t) + bg(D] = aF(p) +bG(p)  B) L [2+1t° + sh3t] =%+%+ P s
P’ p-
- 4 _ . B p_2 — 2t 6t
C) £t =2e 2 *gin 2t D) {—} e~ cos
) {(p+2)(p2+4)} S ) P> —4p+40

Cau 16 Gia sit £ [f(t)] = F(p), £ [g(t)] = G(p) va a, b 1a cac hing s. Khing dinh nao
sau day sai?
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A) “Taf(t) + bg()] = aF(p) + bG(p) B) '[aF(p) + bG(p)] = af(t) + bg(t)

7p+18
C)r%[6+t3e‘2t_sh5t]=£+ ¥ 3 D):gp{ 2_8J=7ch9t+23h9t
P (p-2" p’-25 p

Cau 17 Gia sit £ [f(t)] = F(p), £ [g(t)] = G(p) va a, b 1a cac hing s. Khing dinh nao
sau day sai?

A) “Taf(t) + bg(t)] = aF(p) + bG(p) B) '[aF(p) + bG(p)] = af(t) +bg(t)
6p—18
C) L [8t+te™ +cos5t]=%+ 3 ot P D) g/{ ? _81}=6Ch9t—23h9t
P> (p-2)" p*+25

Cau 18 Gia st £ [f(t)] = F(p), £ [g(t)] = G(p) va a, b 1a cac hang s6. Khang dinh nao
sau day sai?

A) Saf(t) +bg(H)] = aF(p) + bG(p)  B) L [2+1° +sh3t]:%+%+ pf g
+
o — P | o P2 =e’' cos4t
O) Flreos )= | D) 7| 2 apr20
Cau 19 Giasir Z'[f(t)] = F(p). Khing dinh ndo sau day sai?
t
N ﬁ f(u)du}:—F(p) B) y{f e Sin“d“}%
0 p 0 p((p_ ) + )
1 T
C) N&u f(t) 1a ham g&c tudn hoan v6i chu ky T thi Z[f(1)] = —I e Pt (t)dt
l—e_Tp 0
D) Néufty=1 O KM O<t<m L om =t i
T sinat ki w<t<ar T
1 2n _ot .
ZIfM)] = ———— [@ P sin3tdt
1_e_27zp ?|).

Cdu 20 Khing dinh nio sau day sai?
A) Z[f(* g] = L[ (O] Z[g®)]
B) 77 [F(p)G(p)]= < [F(p]* <" [G(p)]

5, 3
(p=D*  (p-2)(p°+9)

C) Z[5te' +e™*cos3t] =

1 4
+
p+2 (p-D(p*+16)

Cau 21 Gia st Z[f(t)] = F(p), £ [g(t)] = G(p) va a, b 1a cac hang s6. Khang dinh nao
sau day SAI?

]= e+ e *sindt

D) 27
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< _ | p+1 — et cos 2t
A) Gaf(t) +bg()] = aF(p) +bG(p)  B) g{p”zpﬁ} e cos 2t |

. 2 ) P 1 6  2p
C) “tsin2t|=— D) % |1+t =2tsint |= —+—+——

Cau 22 Gia st Z[f(t)] = F(p), £ [g(t)] = G(p) va a, b 1a cac hang s6. Khang dinh nao
sau day sai?

A) af(t) + bg()] = aF(p) +bG(p)  B) £ [2+1%™ +ch3t] :%+( 23)3 P g
p- p- -
p+2 ot
3 . — - == e 6t
0] 5/['[ s1n2t]— —(p2+4J D)y{p2+4p+40} Cos
Cau 23 Giasit Z'[f(t)] = F(p). Khing dinh nio sau day sai?
t
- F F ) 5u _ p -5
D) ¥ D f(u)du}—(pp) B) %{e Ch6“d“} (-5 —30)
0
.
C) Né&u f(t) 1a ham gbc tuan hoan véi chu ky T thi Z[f(t)] = ;J.e_ Pt (t)dt
1 _ e_Tp 0
. 0 khi 0<t & _
D) N&u f(t)=1 . MO ST K= £ th ZRO] =———— [ PLsinotat
sin9tkhi 7 <t<2rz l_e—;zp /
Cau 24 Giasir £ [f(t)] = F(p). Khang dinh nao sau day sai?
t
- F F i 5u _ p-— 5
AL D f(“)d“} =(Tp) B) %le Ch4Udu} p((p=-5)> +16)
0
.
C)N&u f(t) 1a ham g&c tudn hoan vé6i chu ky T thi Z[f(t)] = ;I e Pt ¢ (t)dt
1 _ e_Tp 0
D)N&u f(t) = cos 6t khi O<t<z y fta2m) = £0) th
SO0 ki ret<ng IEEREIO M
PO = fe” Pt cos 6tdt
1 _ e_27zp 0

Cau 25 Cho Z[f(H)] =F(p), Zlg®] =G(p), Z[h()] = H(p) . Khing dinh nio sau
day sai?
A) Z'[F(p) £ GHP)] = f(t) + (h(*gv) | C) Z[f(t-a)u(t-a)] = e **F(p), ap>0

n

] D) <[u(t-2) cos(3t-6)]:e'2p—p2 9

B) <[tf(t)]=-F(p), :Z[tzcost]:( L
p-+1

1
Céu 26 PE tim gdc cia ham 4nh F(p) = e” —1—l ta lam nhu sau:
p
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> 1 1 & 1

¢ Khai trién Laurent ham F(p) ta dugc : F(p) =

p m=np”

s . _ 1 < -
¢ Bién d6i Laplace ngugc hai v€ ta dugc: f(t) = & 1[F(p)] Z— z
n=2 n' n=2 n'(n 1)'

Khing dinh nao sau day ding?
A) Cich lam ddng, tinh todn sai, k€t qua | C) Cdch lam sai, tinh todn sai, k€t qua sai.

sai. D) Cich lam ding, tinh to4dn ding, két qud
B) Cé4ch lam sai, tinh todn ding, két qua ding.
sai.

L

Cdu 27 P& tim goc clia ham anh F(p) = e” —1 ta lam nhu sau:

¢ Khai trién Laurent hAm F(p) ta dugc : F(p) = z '
-1 P

¢ Bién ddi Laplace ngu’dc hai v€ ta dudc:
0 2n-1
t
f(t) = Z'[F(p)]= fl l
(=2 '[F(p)= Z LG} Z}nmn_l)!

Khing dinh nio sau day ding?

A) Céch lam ding, tinh todn ding, két qud ding.
B) Cé4ch lam ding, tinh todn sai, két qu3 sai.

C) Céch lam sai, tinh todn ding, k&t qua sai.

D) Céch lam sai, tinh todn sai, két qua sai.

. . 1
Cédu 28 Dé tim gdc cia ham anh F(p) = ln£1 + —] L ta lam nhu sau:
p) P

¢  Khai trién Laurent ham F(p) ta dugc : F(p) = > (-1)™" —L—
n n

n=2

¢ Bié&n ddi Laplace ngugc hai v€ ta dudc:
- ) nel 1)n+1tnl
f(t) = 2 '[F(p)l= ! In(1+— (” ¢
(t) [F(p)] {n(+ )— } z Z —

A) Cichlam didng, tinh todn sai, k&t qué sai.
B) Cichlam didng, tinh to4dn ding, k&t qua ding.
C) Cdch lam sai, tinh todn ding, k€t qua sai.

D) C4ch lam sai, tinh to4n sai, k&t qua sai.

t
Cdu 29 Dé gidi phuong trinh tich phan: y(t) = e*+5 .[ y(U)cos2(t —u)du ta 1am nhu sau:
0
¢ Phuong trinh tuong duong véi : y(t) = e™ +5y(t)*cos2t
¢ DPitY =Y(p) = Z[y(t)] bi€n d6i Laplace hai v& phuong trinh ta dugc

1_2 +5Z[y()] L[cos2t] & Y =

+5Y P

Y =
p-2 p> +4
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p>+4
(p-D(p-2)(p-4)
A e X A " A B C »
¢ Phan tich thanh phin thirc don gian: Y = + + (vdi A, B, C = const)
p-1 p-2 p-4
¢ Bién ddi Laplace ngudc hai v€ ta dugc nghiém : y(t) = Aet + Be?! + ce

A) Cich lam ding, tinh todn ding, k€t qua | C) Céch lam sai, tinh todn sai, k&t qud sai.

¢ Gidi phuong trinh v6i Y 12 4n ta dugc: Y =

ding. D) Cich lam ding, tinh todn sai, k&t qua
B) Cé4ch lam sai, tinh todn ding, k&t qua sai.
sai.

t
Cdu 30 D€ gidi phuong trinh tich phan: y(t)=2e " +10 I y(U)cos3(t —u)du ta lam nhu sau:
0
¢  Ap dung tich chdp, phudng trinh tuong duong véi: y(t) = 2e”' +10y(t)*cos3t
¢ DitY =Y(p) = Z[y(t)] va bién ddi Laplace hai v& phuong trinh ta dugc
Zy®)]=Z[2e7] +10 Z[y(t)*cos3t]
¢ Apdung cong thic Borel ta dugc

Y= 2 i 102[yt)] L[cos3t] < Y = +10Y —P
p+7 p+7 p°+9
. 2(p?
¢ Giai phuong trinh v6i Y 1a an ta duge: Y = (p”+9)
(P=D(p-=9(p+7)
A o . Ay . A B C
¢ Phéan tich thanh phan thic don gian: Y= + + (voi A, B, C = const ma ching ta chua iim)

p-1 p-9 p+7
¢ Bién ddi Laplace ngudc hai v€ ta dugc nghiém : y(t) = Ae' + Bet +Ce™t
A) Cédch lam sai, tinh todn ding, k€t qua sai. | C) Céch lam sai, tinh todn sai, k&t qud sai.
B) Cé4ch lam ding, tinh todn ding, k€t qua | D) Cdch lam ding, tinh todn sai, k€t qud
ding. sai.

t
Cdu 31 D& gidi phuong trinh tich phan: y(t)= e'+2 j y(u)cos(t —u)du ta lam nhu sau:

¢ Phuong trinh tuong duong véi : y(t) = e +2y(t)*cost
¢ DPitY =Y(p) = Z[y(t)] bi€n d6i Laplace hai v& phuong trinh ta dugc

1 1
Y = ——+2Z[y(0] Zlcost] & Y = ——+2Y P
-3 p-3 p-+1
2
. 1
¢ Giai phuong trinh v6i Y 1a an ta duge: Y = (p2—+)
(P-D7(p-3)
A s N N , vy A B C .

¢ Phéan tich thanh phan thic don gian: Y = + + (v6i A, B, C = const)

(p-1)*> p-1 p-3
¢ Bién ddi Laplace ngugc hai v& ta dugc nghiem : y(t) = Ate! + Be' + Ce™
A) Cé4ch lam sai, tinh todn ding, k€t qua | C) Cdch lam sai, tinh todn sai, k€t qua sai.

sai. D) Céch lam ding, tinh todn ding, két qud
B)Cé4ch lam ding, tinh todn sai, k€t qua ding.
sai.
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Cdu 32 Cho phuong trinh vi phan y”’ +y’-2y = €' véi diéu kién ban diu y(0) = 0,
y’(0) = 0. P& gidi phuong trinh trén ta lam nhu sau:
¢ DitY=Y(P)= Z[y(t)] va bi€n d6i Laplace hai v& phuong trinh ta dugc:

p2Y 4pY -2Y = — (%)
=3
'

(P=D(p-3)(p+2)
5 6 1
+ -
p-3 p-1 p+2

¢ Gidi phuong trinh (*) v6i Y 12 4n sd ta dudc: Y =

¢ Phan tich thanh cdc phén thitc don gidn ta dugc: Y =

¢ Biéi ddi Laplace ngugc hai v€ ta dude nghiém 12 : y(t) = 5¢’'+6¢' - e
Khing dinh nio sau day ding?

A) Céch lam sai, tinh todn ding, k&t qua sai.

B) Cach lam sai, tinh todn sai, két qua sai.

C) Cach lam didng, tinh to4n ding, k&t qué ding.

D) Cach lam ding, tinh todn sai, k&t qua sai.
p2 +6

(P—4)(P-5)(p* +4)

¢ Phin tich thanh cac phan thirc don gian:

Y= P60 A B L G+ i B C DI hing s6
(P-4)P-5)(p°+4) p-4 p-5 p’+4

¢ Bié&n d6i Laplace ngugc hai v€ ta duge Z7'[Y] = Ae* +Be™ +Ccos2t + Dsin 2t

¢ Cichiing s6 A, B, C, D xdc dinh tir @dng thifc (*).(6 day ta khong tinh todn dé tim A, B, C, D)
Khing dinh nio sau day ding?

A) Céch lam sai, tinh to4dn ding, k&t qui sai.

B) Cédch lam sai, tinh todn sai, két qu4 sai.

C) Céch lam ding, tinh todn ding, k&t qui ding.

ta lam nhu sau:

Cédu 33 P& tim gdc cda hAm dnh Y =

D) Céch lam diing, tinh todn sai, k&t qua sai.

Cédu 34 Cho phuong trinh vi phan y’” - 9y’+20y = sin2t véi diéu kién ban dau y(0) = 0,
y’(0) = 1. P€ gidi phuong trinh trén ta 1am nhu sau:
¢ DPiatY=Y(P)= Z[y(t)] va bi€n ddi Laplace hai v& phudng trinh ta dugc:

p°Y -9pY +20Y = 22 +1 (%)
p-+4
p2 +6
¢ Gidi phuong trinh (¥) vdi Y 12 4n sd ta dudc: Y =

C(P-HP-35)(p’ +4)
¢ Biéi d6i Laplace ngugc hai v€ ta dugc nghiém phuong trinh 1a: y(t) = e* — &' + sin2t
Khing dinh nio sau day ding?

A) Cé4ch lam sai, tinh todn ding, két qua sai.
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B) Céch lam sai, tinh todn sai, k&t qué sai.

C) Céch lam ding, tinh todn ding, k&t qui ding.
D) Céch lam ding, tinh todn sai, k&t qua sai.

2p* —4

(p+D(p-2)(P-3)
¢ Phan tich thanh cdcc phin thitc don gian:

Cédu 35 PE tim gdc ctia haAm 4nh Y =

ta lam nhu sau:

2 ™ A B
- 2p” —4 — +- B 4 C 6 AB.Clahiing 6
(p+D(p-2)(P-3) p+l p-2 p-3
¢ Tir ddng thic (¥) tinh dugc A = %I,B =_T4,C= %.Suyra

_—1/6_ 4/3 N 7/2
p+l p-2 p-3

s L e ) 1 . 4 7
¢ Bién d6i Laplace ngudc hai vé ta duge Z7'[Y]= —.e™" — el

6 3 2

Y

Khing dinh nao sau dy ding?

A) Cé4ch Iam ding, tinh todn ding, két qua diing.
B) Céch lam sai, tinh toan diing, k&t qua sai.

C) Cé4ch lam sai, tinh todn sai, k&t qua sai.

D) C4ch Iam diing, tinh todn sai, k&t qud sai.

p2 +2p+3

Cdu 36 D& tim gdc clia ham dnh Y=—; ;
(p” +2p+2)(p” +2p+5)

ta lam nhu sau:

p2+2p+3

¢ Phin tich thanh cdc phan thic don gian: Y = > >
(p”+2p+2)(p” +2p+5)

A(p+1)+B +C(p+1)+D
P+D*>+1 (P+1)*+4

¢ Bién d6i Laplace ngugc hai vé ta dudc
Z7Y] = Ae'cost +Be 'sint +Ce 'sin2t+De 'cos2t

véi A, B, C, D 1a hiing s0.

¢ Ciéching sd A, B, C, D xdc dinh tir ddng thic (*) bing cich 1an ludt cho p =0, p =

p=-2, p =1 ta dudc hé phuong trinh

i_A+B+C+D
10 2 5
l:B+2

. 2A B 4 C 4+ D (8 day takhong tinh todn d€ tm A, B, C, D)

0 2 s

3 _ 2A+B N 2C+D

20 5 8

Khing dinh nao sau diy ding?

A) Cich lam sai, tinh todn ding, k€t qua sai.

Ham bién phirc va Phép bién dbi Laplace. ..................ccccceeeeeeeeeeeeeeieieeeee Trang 138

)

-1,



B) Céch lam sai, tinh to4n sai, két qua sai.

C) Céch lam ding, tinh todn sai, k&t qua sai.

D) Cé4ch lam diing, tinh todn ding, k€t qua ding.
X'=-3y

, v6i diéu kién x(0) = 1, y(0) =2
y4+X+2y=0

Cdu 37 DE gidi hé phuong trinh vi phﬁn:{

ta lam nhu sau:

) - e .y XP+3Y =1
o bit X = Z[x] Y = Z[y] va bién di Laplace hai v€ ta dugc:
X+(P+2)Y =2
P-4

¢ Gidi hé phuong trinh v6i X, Y 1 &n ta dugc (P ‘211))(_135 3)
Yy=—{Zb =
P? +2P-3

X = A + B

¢ Phan tich thanh cdc phan thic don gidn ta dugc Pél PS3\@iAJiCLDlé

=——+

P-1 P+3

céc hiing s6 ma & day ta khong tim.

x = Ae' +Be™!

¢ Bién d6i Laplace ngugc hai v& ta dugc nghiém { -

y =Ce' +De”
Khing dinh nao sau diy ding?

A) Céch lam ding, tinh todn sai, k&t qua sai.

B) Cdch lam didng, tinh todn ding, k€t qud ding.

C) Cach lam sai, tinh todn ding, k&t qua sai.

D) C4ch lam sai, tinh todn sai, k€t qud sai.
Céu 38 Cho phuong trinh vi phan: y’-3y = u(t-5)e**™ (1) v6i diéu kién ban dau

y(0) = 16.
Dé€ gidi phuong trinh vi phdn nay ta 1am nhu sau: Pit Y = Y(p)= Z[y(t)]

,Sp

¢ Bién ddi Laplace hai v& phuong trinh (1 ) ta dugc: pY-3Y = ¢ 116 (2)
. . s 2 eP 16
¢ Giai phuong trinh (2) v61 Y la an ta dugc: Y= 3)

+
(p-2)(p-3) p-3
¢ Phan tich v€ phai cda (3) thanh phan thic don gidn ta dudc:

Yoeo[ L 1), 16
p-3 p-2) p-3

¢ Bié&n ddi Laplace ngudc hai v€ ta dugc nghiém: y = (e3“‘5) — X )J(t —5)+16e™

A) Cédch lam didng, tinh todn ding, két

C) Cdch lam sai, tinh todn sai, két qua
qua ddng. i

sait.
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B) Cidch lam sai, tinh todn ding, k&t | D) Cdch lam ddng, tinh todn sai, két
qua sai. qua sai.

Céu 39 Cho phuong trinh vi phan: y’+6y = u(t-5)e**> (1) v6i diéu kién ban dau
y(0) = 14.

Dé€ gidi phuong trinh vi phdn nay ta 1am nhu sau: Dit Y = Y(p)= Z[y(t)]

,Sp

¢ Bién ddi Laplace hai v& phuong trinh (1) ta dudc: pY+6Y = 14 (2)

e”? L 14
(P-2)(p+6) p+6
¢ Phan tich v& phai ctia (3) thanh phan thitc don gidn ta dudc:

v lgw[ L 1), 14
8 p-2 p+6 p+6
¢ Bié&n ddi Laplace ngudc hai v€ ta dugc nghiém:
y = %(ez(”) —e S (- 5) +1407

¢ Giai phuong trinh (2) véi Y 1a 4n ta dugc: Y= (3)

A) Céch lam ding, tinh todn ding, k€t | C) Céch lam sai, tinh todn sai, k&t qua

qua ddng. sai.
B) Céch lam sai, tinh todn ding, k€t | D) Cédch lam dung, tinh todn sai, két
qua sai. qua sai.

Céu 40 Cho phuong trinh vi phan: y’-10y = u(t-m)e'™ (1) véi diéu kién ban dau
y(0)=0.

Pé€ gidi phuong trinh vi phan nay ta 1am nhu sau: PitY = Y(p)= Z[y(t)]

efﬂp

Bi&n ddi Laplace hai v€ phuong trinh (1) ta dudc: pY-10Y = T (2)
-7
Gidi phuong trinh (2) v6i Y la dnta dugc : Y= — <~ (3)
(p—D(p—10)
—7p
Phan tich v& phai ctia (3) thanh phan thitc don gidn ta dudc: Y = e9 [ > 110 — pl J

Bién ddi Laplace ngudc hai v& ta dugc nghiém: y = é(e”"“” —e )J(t - 1)

A) Céch lam ding, tinh todn sai, k€t qua sai.

B) Cdch lam sai, tinh todn ding, k&t qua sai.

C) Céch lam sai, tinh todn sai, k&t qud sai.

D) Cach lam ding, tinh todn ding, két qué dung.
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